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Abstract

In the previous paper [1], the conduction and the valence electrons of the two-dimensional
(2D) semiconductor layer subjected to the action of an external perpendicular magnetic field and
interacting with 2D quantum point vortices have been described in terms of the Chern-Simons
(C-S) theory. The C-S unitary transformation introducing the vector and scalar potentials
generated by the quantum point vortices into the Hamiltonian and transforming the conduction
and valence electrons into composite particles attaching them equal numbers of 2D quantum
point vortices has been used. In the present paper, slowly varying envelope-type field operators
are introduced. The initial Hamiltonian containing the periodic lattice potential and bare electron
mass m, is transformed into the form with effective electron and hole masses, which determine

the cyclotron frequencies of the Landau quantization in the presence of a C-S field.

1. Introduction

In [1], the Chern—Simons (C-S) theory developed by Jackiw and Pi [2—4] was applied to
describe the system of a coplanar electron-hole gas subjected to the action of a strong
perpendicular magnetic field interacting with two-dimensional (2D) quantum point vortices. They
generate the C-S vector and scalar potentials and effective magnetic and electric fields. Even if
these fields vanish in the mean-field approximations in the case of electrons and holes with equal
densities, the quantum fluctuations generated by these fields will lead to new effects in the

physics of the 2D systems. Unitary transformation operator U(F) introduced in [1] and bare

W, (1)1, (r) and dressed v (r),(r) electron field operators look as follows:

U(r)=e ; U(F)-U"(F)=16"(T)=o(r)
o (1) =U (F)y (7). y5 (F) =y (F)U" (F) (1)
y(F)=U" (7)o (7). v (F)=w5 (1)U (F)

Singular phase operator aB(F) and vector potential é(f) were determined in [1] by formulas (1)

and are repeated below:
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é(r)=?,cb(r)=—ﬁjd2r'ﬁr9(r—r'),§(r') @)

.
ith the filling factor v in the case of the

1

fractional quantum Hall effect (FQHE), namely, ¢ == « is the fine structure constant « = %
1%

and the charge of the electron is —e(e=|e|). The angle §(F —F") is formed by the vector F—F"

with the x axis on the plane of the layer and is determined analytically by the multivalued
function

R

The last relation in (3) represents the fact that the angle formed with the x axis by vector
(f'—F) differs by =~ in comparison with vector (?—?'). It was shown in [2] that unitary

transformation U(F) changes the statistical properties of transformed operators ;&*(r) and

y(F). This fact is well known in the conditions of the FQHE; it leads to the formation of

composite particles predicted by Wilczek [5]. The composite particles look as bare electrons with
an integer number ¢ of the attached 2D quantum point vortices.

If bare electron field operators v (F), 1, (r) satisfy the Fermi commutation relations expressed

-

by formulas (4) in [1], then dressed electron field operators y*(F) and y(F) obey the Fermi or
to the Bose statistics as a function of integer number ¢, which must satisfy the condition
+e" =1 (4)

An even integer ¢=0,2,4.... corresponds to the Fermi statistics, whereas the composite
particles with odd integer numbers ¢ =1,3,5... of the vortices are bosons.

In [1], the equations of motion for the dressed electron field operators were deduced
starting with initial Hamiltonian (25). It contains a periodic lattice potential; the effect of the
external magnetic field and the Coulomb electron—electron interaction below the Coulomb
electron—electron interaction will be dropped because the main task of the present paper is the
introduction of slowly varying field operators instead of the full electron operators. We will
determine the action of the C-S unitary transformation on the hole field operators instead of the
valence electron ones. Another task is the excluding of the periodic lattice potential and the
introduction of the effective electron and hole masses so as to simplify the description of the
Landau quantization problem in the presence of the C—S vector potential. These questions will be
solved in section 2 of the paper. Conclusions are made in section 3.

2. Equations of Motion for Dressed Electron Field Operators

The equations of motion described by formula (28) of [1] under stationary conditions
neglecting the Coulomb electron—electron interaction look as follows:
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2;:‘0 (_m%A(r)+%é(r)jz‘”(r)+vper(f)W(f)+§da;EF)V7(f)+2;; iL(F)y (F)=Ey(F)
27:10('W%A(m%é(f)f‘/”(f)+Vper(f)w*(r){w(r)d‘zf)+ -

Here, A(F) is the vector potential of the external magnetic field; the following relationships were
used [1]:

Q>

(n=4(r)", a(r)=a"(r): [a(r).w(r)]=[a(r).w(r)]=0 (6)
da(F)
cdt

il ( ):i(@jzjdzr'(ﬁ'e(r—r))z (r‘):mio[%jzjdzr' /3(?'1)2 @)

m,\ a |r_

Operator determines the scalar C—S potential, whereas the expression

=l

>
=

describes the energy created by the vortices. It is useful to remember that curl é(f) gives rise to
an effective magnetic field [1] generated by the vortices.
Schrodinger equations (5) contain a periodic crystal lattice potential Vper(F), which is

invariant under the translation on integer lattice vector R enumerating the lattice nodes:
Ver ( o+ ﬁ) =V e ( ,5). It was discussed in [6] that this property makes it possibleto represent an

arbitrary space vector T in the form F =R+, where /5 is a small vector changing inside the
unit lattice cell with volume V, =a], where a, is the lattice constant. Due to this property, the
electron Bloch wave functions can be represented as the products of periodic parts U ¢ (P)
quickly changing inside the electron shells of the atoms situated in the unit cells and depending

only on variable 5 and envelope wave functions ¢, (ﬁ) slowly varying on variable R. They

almost do not depend on variable 5 .

W (T)=U, (P)o,; (R). (8)

At the same time, the periodic parts quickly varying in space describe the semiconductor
energy band structure quickly establishing in time, against the background of which the Landau
quantization processes slowly varying in time take place. The dominance of the semiconductor
energy band structure over other slowly varying processes makes it possible to introduce an
adiabatic approximation and integrate over variable 5 as a method to exclude the quickly
varying processes and concentrate the research on the physical processes slowly varying in space
and time.

We are interested in these phenomena arising in a 2D electron—hole system and a 2D one-
component electron gas.

The summation over the discrete lattice nodes of slowly varying envelope wave functions
can be substituted by the integration over the surface area of the layer as follows:
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2z _ 2> 2.i 2= 2*.i 3~
jd r_;sjodp Zﬁ:ao Soé[dp deVOJ;dp o

S,=a2\V,=a,a’=d’R,f =R+ p
Here, the integration over surface area S, of the unit lattice cell was substituted by the integration
over its volume V, because in reality 2D semiconductor structures have at least thickness a, of
one atomic layer. Exactly following formula (11) of [6], vector potential A(r) of the external
magnetic field and the required derivatives are shown below:

A(T)=A(p)+ A(ﬁ)

(3 R)=Zw (5.R)+ v (5.R), (10)

It was mentioned in [6] that magnetic fields |§(,5) and ﬁ) are acting at different

points of the real space: in the electron shell of the atoms situated inside the unit lattice cell
giving rise to their Zeeman splitting effects and outside of it leading to the Landau quantization
of the slowly moving electrons and holes.

In the two-band model of a semiconductor, using lattice variables 5 and R, full electron
field operators 7 (r) and y* (F) looks as follows:

v (F)=v(5.R)=Uc(5)9.(R)+U () (R)
7' (F)=v" (5.R)=U(5)9; (R)+Ui (5)d (R)
where U (p) and U, (p) are the periodic parts of the electron Bloch wave functions

corresponding to the conduction and valence bands. They obey the normalization and
orthogonality conditions:

(11)

oY (12)

Electron kinetic energy K () in variables 5 and R has the form
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R (F)= L)' R (1) = ot (1)
ﬁ(r—):-.ﬁ,+%Z\(r)+—cé(r—):-.vR-.vﬁ+—CA(ﬁ)+

v A(p)+-—a(R)=T1(R)+11(p),

1(R) =iV +-—A(R)+-—4(R), 11" (R) =iV, + - A(R)+-—4(R) (13)
f(p)=-iV,+-—A(p), & (r)=A(r), & (R)=4(R)

K(f):z—ﬁo(ﬁ(ﬁ)+f[(/3))2 _ K(§)+K(ﬁ)+h—2ﬁ(ﬁ) fi(p)

R (R) =i (R, K (7))

In these denotations, Schrodinger equations (5) take the form

£ (5.R)=[ Ho(5)+ R (R)+ 11 (R)-fi(p)+

(14)

€ rifn = e’ N
+E!//+(,0,R) ot +2hcz w*(p,R)(lL(R))
In the deduction of these equations, the following properties were taken into account:
Ve A(R)=V,-A(p)=0; V,-d(R)=0, [a(F),y(r)|=0, &' (R)=a(R)
(15)
Operator H;(/S) consists of kinetic energy K(/B) and periodic lattice potential Vper(,B) and

determines the semiconductor band structure as follows:
NN s W K .- e .Y -
() =R (5) Vo ()= o] 49,425 A(5) | +Yy (5)

(AU, (P)=EV,(p), L' (P)U,(5)=EU,(5), n=cV, E,~E, =E,.
The E, and E, values determine the bottom of the conduction band and the top of the

(16)

valence band, respectively. The difference equals to energy band gap Eg. Multiplying equations
(14) from the left-hand side by functions U_ () and U, () and integrating them over volume
V, of the lattice cell, we will transform them into reduced Schrddinger equations. The averaging
with quickly varying wave functions Uc(p) and U, (/3) means the introduction of an adiabatic
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approximation. In terms of this approximation, a semiconductor band structure is established.
The remaining reduced Schrédinger equation describes only the slowly varying processes, such
as the Landau quantization, that take place against the background of the already well established
band structure. Relationships (16) lead to the following equalities:

—Jd"* 5)H, (5)v (5.R)=E.4.(R)
ovO
L[d*30; (5) Ho (A)9(5.R) = Evit (R)
o Vo ) (17)
2005 ()20 (5. R) 7.1 (R
ov0
_J.d ﬁU; ﬁ)i(#)l/;(/_j!ﬁ)_ﬁ:Vc @c(ﬁ)
ov0
where matrix elements 7, . were introduced:

=L [P0 (A)U(B), ()= 7 Fop =y =0 (18)

ov0

The Schrédinger equations for slowly varying field operators gbc(ﬁ) and @, (ﬁ) in the
adiabatic approximation are as follows:

=1 (R) = E.0. (§) K (R)¢: (R)+ 211 () 2, ()

do(R) e
£ ()it (/) (R).

=, (R)-E.0, (R)+ K (R (R)+ 211 (R)- 7, (R)

(19)

29R) R ()

c dt 2hc
Two equations (19) determine two slowly varying components goc( ) and @, ( Q) of
field operator l//(p, ) Their solutions are completely different at different values of energy E.
In the range of E=E_+¢&, with ¢,[0 E_, near the bottom of the conduction band, following the

second equation (19), component ¢, (ﬁ) is small in comparison with component qbc(ﬁ). Their
relationship is as follows:

# ()= m’::zg (R) 7., (R), (20)

whereas component ¢, (R) obeys the equation
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(ﬁ).ﬁv,c}ac(ﬁy

ge¢c(R):[K(ﬁ)+ ’Z;Oﬁ(ﬁ)ﬁw

09
do(R) & .,...) ,_
{%—d(t )+2:C2 |L(R)J¢C(R)

This procedure completely follows the method known as the envelope function
approximation (EFA) developed by Winkler in his monograph [7]. After the simplification

fi(R) -7, -0(R) 7, ~1(R) |7, [, (22)
equation (21) takes the form

=l

(21)

2

- /R do(R IR
5e(/’c(R):{2—meH(R)2+§%+%”—(R)}%(R)

2 P2 (23)
%: 1+M
m myE,

e

If energy E lies near the top of the valence band E=E, +¢,, with g, [ E,, then the

dressed or composite electrons coincide with the valence electrons. Now, the first equation (19)
with E = E, gives rise to the relationship

A (5 W o2 o\ L . (=
.(R)=— g M(R) 2 (R). (24)
whereas the second equation (19) looks as the reduced Schrodinger equation

R~ " oo dew(R N
gv%(R)=[EH(R)2+§#+2;CZ||_(R) & (R) (25)
with m, determined by the formula
m, [, 2°|7[
A ®

Our intention is to introduce the notion of the hole instead of the valence electron. For this
purpose, the equation for Hermitian conjugate operator (p\j(R) is required. It can be obtained
starting from the second equation (5) for field operator " (F)or directly from equation (25) as
follows:

e B Ao oo [edo(R) e
gv(pV(R)zﬁH (R) %(R)+%(R){E—dt +2hc2<|L(R)) 27)
Here, the following relationships were used:
[4(r).(F)|=0, @ (R)=o(R); (iL(R)) =iL(R).
The hole has energy ¢,, effective mass m,, and electrical charge g, of the opposite signs
compared with that of the valence electron. The creation and annihilation operators of it are
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expressed through the Hermitian conjugate of the valence electrons, respectively. They are as
follows:

& (R)=a (R). ,(R)=a (R)

(28)
& =—&, M, =—-M, q, =¢€
In these denotations, equation (27) looks as follows:
2 . 2 _
ghéh(ﬁ)zzh—mh(—i?ﬁ—%A(F@)—%a(R)J o (R)-
(& (29)
_.| eda(R 2
(020 e

One can observe that the sign of the electric charge both inside kinetic momentum
hﬁ(ﬁ) and in other terms of equation (29) is opposite to the one of the conduction electron.

Thus, we have shown that the reduced Schrodinger equations for slowly varying electron
and hole field operators ¢, (ﬁ):gbc(ﬁ) and ¢, (ﬁ):(;g(ﬁ), which after unitary transformation

(1) form composite particles with effective masses m, and m, and with electrical charges Fe
look as follows:

ge(,se(R)=2’jn e (—lVﬁ+%A(R)+%a(R)] (pe(ﬁ){g “;(t )+2;C2IL(R)J%(R),

2m, he he
(e da(R o
@h(R)Eg_“;ﬁ )+2:202iL(R)J. (30

Exactly the same equations can be obtained taking into account the Coulomb interactions
between the electrons and the holes.

3. Conclusions

The paper is the continuation of the study published in the same issue [1], in which we
have deduced the Schrodinger equations for the conduction and valence electrons of the 2D
semiconductor layer subjected to the action of a perpendicular magnetic field and interacting with
quantum point vortices in terms of the C-S theory. As new steps in this direction, the slowly
varying electron and hole field operators in the adiabatic approximation have been introduced. To
this end, the Schrodinger equations of [1] have been averaged using the periodic parts of the
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electron Bloch wave functions and the reduced Schrédinger equation has been obtained. They are
characterized by effective electron and hole masses and depend on the vector and scalar

potentials created by the quantum point vortices in addition to the vector potential of the external
magnetic field.
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