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Abstract

The possible existence of the two-dimensional bimagnetoexcitons and metastable bound

states formed by two magnetoexcitons with opposite in-plane wave vectors k and —k has been
studied. Magnetoexcitons taking part in the formation of molecules look as two electric dipoles
with the arms oriented in-plane perpendicular to the respective wave vectors and with the length
of the arms d =kIZ, where |, is the magnetic length. Two antiparallel dipoles moving with equal,

yet antiparallel, wave vectors have the possibility of moving with equal probability in any
K)
depending on modulus k. The magnetoexcitons are composed of electrons and holes situated on
the lowest Landau levels with the cyclotron energies greater than the binding energy of the 2D
Wannier—Mott exciton. The description has been made in Landau gauge. The spin states of two
electrons have been chosen in the form of antisymmetric or symmetric combinations with
parameter 77 ==1. The effective spins of two heavy holes have been combined in the same

resultant spinor states as the spin of the electrons. Because the projections of the both spinor
states with 77 =1 are equal to zero, the influence of the Zeeman splitting effect vanishes. In the

direction of the plane, which is determined by the trial wave function of relative motion ¢, (

case of trial wave function ¢2(k)=(8a3)%kzlje’“k2'5, the maximal density of the
magnetoexcitons in the momentum space is concentrated on the in-plane ring with radius
k. =1/(Jal,). In the approximation of the lowest Landau levels, when the influence of the

excited Landau levels is neglected, stable bound states of bimagnetoexcitons do not exist for both
spin orientations. Instead, in the case of & =0.5 and 77 =1, a deep metastable bound state with

the activation barrier comparable with two magnetoexciton ionization potentials 21, has been
revealed. In the case of 7=-1 and o =3.4, only a shallow metastable bound state can appear.

1. Introduction

The study of the biexciton formation in the presence of an external magnetic field was
initiated in [1, 3] using the theory of the hydrogen atom in a magnetic field [1, 4] and the theory
of the hydrogen molecule formation as a starting platform [5-7]. The authors of [1, 3] supposed
that the holes are sufficiently heavy so as to neglect their Landau quantization states.
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At small magnetic fields, the ground state of the hydrogen-like biexciton with the molecular
axis directed along the magnetic field corresponds to singlet term 129 . With increasing magnetic

field, at intermediary values, triplet state 3Eu becomes lower due to the interaction of the electron
spins with the magnetic field. With a further increase in the magnetic field strength, triplet state
31‘[u comes into play and becomes the lowest tightly bound hydrogen molecular state [2, 3]. The

authors of [1, 6, 7] suggested the possible existence of new bound complexes and chains at fairly
high magnetic fields and electron—hole (e—h) densities. The binding energy per one e—h pair in
these states may be higher than that in the exciton or excitonic molecule states.

According to [8, 9], the Coulomb exchange electron-hole interaction leads to the formation
of para and ortho exciton states, which affect the binding energy of the biexciton. In the case of
2D magnetoexcitons, these aspects have not yet been studied because the main task in the
creation of the bimagnetoexciton is the character of the spinless magnetoexciton—magnetoexciton
interaction. Already in [10, 11, 12] it was established that the magnetoexcitons composed of
electrons and holes lying on the lowest Landau levels (LLLs), being bound in the states with in-

plane wave vectors IZ” =0, form an ideal, noninteracting gas. This effect takes place because the

2D electron and the hole moving with resultant wave vector IZ” =0 on the surface of a layer in a

perpendicular magnetic field in the Landau gauge description are subjected to the Landau
quantizations with the same gyration points. They have the quantum orbits with the same radii,
which do not depend on the electron and hole masses and depend only on the magnetic length.
These e—h pairs being bound by the direct Coulomb interaction and forming the bound states with

wave vector IZ” =0 look as completely neutral compound particles. These magnetoexcitons with
IZ” =0 cannot form bound states. Only two magnetoexcitons with opposite nonzero wave vectors

k and —k can form bound states with the resultant wave vector equal to zero. This statement
will be investigated in the present paper.
It is useful to remember that the interaction between two magnetoexcitons with wave vectors

IZ” =0 can appear, as was shown in [13], taking into account the influence of the excited Landau

levels (ELLs) as well as the Rashba spin—orbit coupling (RSOC) generated by a perpendicular
external electric field, parallel to the magnetic field. However, all interactions and bound states
investigated below have nothing to do with these supplementary influences and are based
exclusively on the direct Coulomb interactions of electrons and holes with arbitrary masses
situated on their LLLs. The paper is organized as follows. In the second section, the Hamiltonian
of the 2D electrons with spins and the heavy holes with effective spins lying on their LLLs and
interacting through their Coulomb interactions is introduced. The necessary wave functions are
proposed. In section three, the main analytical and numerical calculations are effectuated. Section
four is dedicated to the discussions of the obtained results. The conclusions are formulated in
section five.

2. The Hamiltonian of the e-h System and the Wave Functions of the Bound States of the
Interacting Two-Dimensional Magnetoexcitons

The authors of [10-12, 14, 15] considered spinless 2D electrons and holes paying the main
attention to the Landau quantization of their orbital motion on the surface of the layer subjected
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to the action of an external perpendicular magnetic field. The description of their quantization is
made in the Landau gauge, in which the charged particles have a free motion in one in-plane
direction described by the plane waves with one-dimensional wave numbers p and q and
undergo quantized oscillations around the gyration points in another in-plane direction
perpendicular to the previous one.

The quantum numbers of the Landau quantized levels for electrons and holes are n, and n,,

which in our case are lowest n,=n, =0. The creation and annihilation operators for electrons

and for holes are denoted as a  _,a__ and b _,b respectively. The operators have a

p.o’=p,c q.0'"q,0"’

supplementary spin label o=+1/2, which describes the spin projections of the conduction
electrons and the effective spin of the heavy holes. In these denotations, a simple generalization
of the Hamiltonian describing the Coulomb interaction of the 2D electrons and holes with spins
situated on their LLLs, neglecting for simplicity the e-h exchange interaction leading to the
formation of ortho and para magnetoexcitons, as well as the RSOC, has the form

Hith = S W Q@A) -, -K,]
Q

Q%
5(0) = () - AW Q) = e 2, 1)
e[
pQ=eYa g a iN,=50)

AQ=2e " b by N, =40,
to 7,6 —7,0

where ¢, is the dielectric constant, S is the layer surface area, |, is the magnetic length, o, Q)

and p, (Q) are the electron and hole plasmon operators, respectively.
Hamiltonian (1) can be transcribed in the way

LLL LLL LLL LLL
HCouI H Hh h +He h?

LLL iQQyI5 AiQ (p-a)I§
H __ZZ ZW(Q)G e Oapffa(;gzaQ‘*'Qx Uzap -Qq.01!

p.q 01,07
LLL _ iQQyI5 L-iQ, (p-a)§
Hh h Zz Z W(Q)e VO ’ Ob; 01b;0"2b‘1+Qx O"sz Q01!
Q p.goyo,
LLL iQ, (p+0)l¢ +
H _ZZ Z W (Q)e ' ’ ap Glbq 0y bq+Qx <) ap -Qu.o1 " (2)
p.q 01,0,

The interaction coefficients depend only on the difference ( p—q) in the case of the electron—
electron (e—e) and hole—hole (h—h) interactions, and on the sum (p+q) in the case of the
e —h interactions. The magnetoexciton creation operator introduced in [12] and later used in
[13-15] with spin labels looks as follows:

. S hc
7 (K,2,, T e g+ N=——0: | =.]—. 3
‘//ex( e’ ﬁz Xz 7t+k Zh 272"02 0 eB ( )

2 2

Here, k(kx, y) is the vector of the center of mass in-plane motion, t is the unidimensional
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vector of the relative e —h motion with the function of relative motion eiky"g in the momentum

representation, which leads to the 5(y—kyloz) function of the relative motion in the real space

representation. N is the degree of degeneracy of the Landau quantization levels. It is an
extensive value proportional to S. B is the magnetic field strength.
The wave function of the magnetoexciton looks as follows:

Vo (K23, )) =9 (K.2,.3,)[0); &, [0):b,0) =0, (@)

where |0> is the ground state of the system. The 2D magnetoexciton with wave vector K0 has

the form of an electric dipole with arm d =kl oriented perpendicular to wave vector k. As was

established in [10-12] and was mentioned above, two magnetoexcitons with wave vectors k=0
have no dipole moments, are similar with the neutral compound particles and do not interact with
each other through the Coulomb forces. In contrast to them, two magnetoexcitons with nonzero

wave vectors El and IZZ do interact opening the possibility of forming bimagnetoexcitons. The
wave function of two magnetoexcitons with quantum numbers ‘E,Ee1,2h1> and ‘—E,292,2h2> has
the construction

l//ex,ex(k zel’zhl’ k Ze2’2 )> Zelkyt SIO t++ +k b+ Ky b+ Ky |0> (5)

— et 57§2e2 *5*?2h2 *”Ezm

The wave function of the bimagnetoexciton with wave vector k =0as a bound state of two
magnetoexcitons with wave vectors k and —k and spin quantum numbers X, %, ,Z.,,Z,, can
be constructed as a superposition of the wave functions (5) introducing wave function ¢, (k) of
relative motion, which can also play the role of the variational function determining the minimal

- 12
energy of the bimagnetoexciton as well as the density (on(k)‘ of the magnetoexcitons taking part

in the formation of the bound state. According to [8, 9], the spin configurations of the bound
states depend essentially on the ratio between the ortho—para exciton splitting and the binding
energy of the biexciton. In the presence of a strong magnetic field and magnetoexciton formation,
these values are unknown; the present paper trends to determine one of them. We will construct
symmetric and antisymmetric superpositions of two electron spin states and separately of two
hole effective spin states in the form

1 e, . : :
E Z (77e) 2a-pze 4%, 7 \/_ Z (1 h) przh -3, 77e=i1’ 77h=i1, (6)

Y =t= 2 +,
because the e-h exchange interaction is neglected in the Hamiltonians (1) and (2). Below, we will
suppose that both pairs of spins (£,,2,,) and (Z,,,%,,) are simultaneously in the states with the

same 77, =7, =1 ==x1. The wave functions of the bimagnetoexcitons under these conditions look
as follows:

‘l//bmex 0, n, (on > / Z (77)2 +Zh+lz(pn(k)ze|k y (= S)|0 ke i ;k . b* ) ke |0> 7

The chosen varlatlonal wave functions of the relatlve motion in the momentum and in the real
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space representations (pn(IZ) and w, (r), their normalization conditions and the main parameters
are the followings:

2 (%) = (4ar) 76} ,(x) = (8a%) 2 x%e ;X =Kl,, %Z

0, () =[x, (9 =1,

2 rz 7§
40{|2)e w8
0

Here, J,(z) is the Bessel function of the zeroth order. The selected trial wave functions depend

r

o (F) = [ 0,(K)e™ K = [ xdxp, ()35 (x-1/1,), vy () ~ € %y, (r) - (-

only on modulus K =‘IZ‘. ®,(X) has the maximum at the point of x=0, the middle value of

X’ =1/(2a), the radius of quantum state ,(F) equals to a=2Val,. Function ¢,(K) has a
maximum on the 2D ring with radius Kk, :]/(\/EIO). In the real space, function v, (r) has a
maximum at the point of r, =0, the positive values up till the point of 1, =a,, where it changes
the sign and achieves a minimum at the point of r, =\/@Io. The absolute value in the minimum
is much smaller than in the maximum. In fact, function y,(r) has the same radius a,; however,

function ¢,(x) has some preferential properties, when the normalization integral of the
bimagnetoexciton wave function (7) is calculated. These calculations give rise to the overlapping
integrals L, («) as follows:

<¢bimex (0, 7, an) | ¢bimex (0’ 7, ¢n)> = 2(1_ 77Ln (0{)),

» 1
L, (@) = [ X[ yayg (09, ()3 00); Lyl =— - Ly(e) =%, (9)
4a 4o

The normalization integrals (1-7L,(«)) are shown in Fig. 1. It is evident that the factor
(1-Ly(ex)) has the value zero at the point of « =1/2, which leads to a singularity in the inverse
function. The inverse normalization integral (1-L,(a))™ is regular at any values of «.

1-7L,(2)) A-nL,(2))
a) b)
1,8
14
1 O 1,6
o,sj ) 2
1,4
0,6 2
1 1,2
0,4
1,0+
0,2 -
0,8
o] T T L
0 1 2 3 4 5 0 1 2 3 4 5 o

Fig. 1. Normalization integrals as a function of parameter « : (a) the case of 77 =1, (b) the case of 17 =—1.
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3. Binding Energies of the Bound States of Two Interacting Magnetoexcitons

The expectation values of Hamiltonian (2) averaged with wave function (7) characterized by
wave vector k =0, two values of 77 =+1, and by trial wave functions o, (IZ) equal to

¢b|mex (O s (pn) H o ¢bimex (0’ 1 $n )> ]

<¢D|mex (0' 77’ (Dn ) ¢bimex (O’ 771 (pn )>

The average values of the partial Hamiltonians H 'S and H.% calculated with the
functions (7) are the same and equal to

<l//bimex (01 771 (on) H LLL (0 77 ¢)n )> = <l//bimex (0’ 77’ ¢n) Hr:_—l_flg“//bimex (O’ 77’ (Dn )> =

=(2/ N)Z 2w (©)<p; (%), (Q-52)e ) (11)
—(2n/N? )ZZZW (Q)os () e, (K)exp ity [(Quk, ~Q,k) +(5,Q, =4,Q.) +(kee, —k,%,) |}

In the polar coordlnates representation, we can write
k=(k,.k,)=k(cosp,singp); K, =2, ki, =

Q=(Q,.Q,)=Q(cosd,sin0); Ql,=; Ql, =y

7= (% %y) s(cosy,siny); Ay =%; s, =x; (12)
(Qk, kax) = QKIZ (sin pcos @ — cos psin @) = yzsin (¢ - 0) = z; sint,;

(5,Q, = #4,Q,)ls =Qxd] (sin O cosy —cosOsiny ) = xysin (0 —y ) = z,sint,;

Eblmex (0 77 (Dn) < (10)

(k s, =K, 2, )15 =Kzd] (siny cos g —cosy sinp) = xzsin (y — @) = 7, sint,.
Here, we have introduced the denotations
L=¢p-0,4L,=0-y, L=y -0, ,=Y7; 7, =Xy, Z, = XZ (13)
In these denotations, expression (11) looks as follows:

)| H5 | Woine (0.77.90,)) = ZZW(Q)w (5) @, (Q—52)e™me —

<l//bimex (07 77’ ¢n

(14)
ZZW(Q)(p ( )exp(lz sint, +iz, sint, +iz,sint,), j=e,h.
In the same denotatlons the average e-h Hamiltonian looks as follows:
(Vaimee (0.17,00) | HE | Woines (0.77.0,)) = =(4/N) Y- > W (Q)g; ()9, (Q— ) -
Q =#=
~(4/N)Y > WQ)e, (2)‘2 cos(z,sint, )+ (15)
Q =

+@dn/N*)Y 3> W Q) (%) e, (lZ)[cos(z2 sint, )cos (z,sint, ) +cos(z,sint, )cos(z,sint, ) ].
Q k

The average value of the full Coulomb interaction Hamiltonian (2) can be expressed as follows:
<l//bimex (07 77! ¢n ) H i l//bimex (O’ 771 (Dn )> = (4/N )Z ZW (Q)(p:(}?) x
Q =

Coul

xp, (Q—52)(€""" ~1)— (4/N) YW (@), ()|
Q =
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xC0s(z, sint2)+(4n/N)ZQ:;ZE:W ((j)(p:(}?)@] (IZ)x

x[ cos(z,sint, )cos(z,sint, ) +cos(z, sint,)cos(z,sint, ) — (16)

—exp iz sint, +iz, sint, +iz,sint, ) |.
To calculate these expressions the relations below are required [16-17]:
e =3, (z)+ 22[ 2 (Z)cos(2kt)+id,, , (2)sin(2k -1)t ;
17)
cos(zsint) = +ZZJ2k )cos(2kt); e =1 ( +22I )coskt,

where J,,(z) and 1,(z) are the Bessel functions [16-17]. Taklng |nto account that functions

W(Q), ¢, (5) and (pn(IZ) depend only on moduli |Q|, || and |IZ|, respectively, the integrations
on angles (p 0, and 1// lead to the results

1 iz;sin iz, sin iz3sin 3 .
J-d Py de—J.d'//e Mgl glts et :‘]O(Zl)‘]O(ZZ)JO(ZS)+22‘]2k(Zl)‘]Zk(ZZ)JZk(23)’
k=1
.[d — deijdwcos(z sint;)cos(z,sinty ) =J,(z)J,(2;), i =12
1 1 1 . . _
—ﬂ{d(pzl degldz//cos(zi3|nti)=J0(zi), i=12,3
iZﬂ'deiTdl//eZaXyCOS(e—l//)eiX)’Sin(19—1//) — J (Xy)l (Zaxy)_’_Zi\] (Xy)l (Zaxy),
272_ ! 272_ ) 0 0 — 2k 2k
i 2 i 2axy cos(6-v) 18
> d6?2 _[d e I, (2axy). (18)

The angle integration excluding trial function ¢, (|>?— )7|) leads to the expression

HCLOI;II_ Y bimex (0’ : Pn )> = _4(92/(‘90|o))'|‘dy97y2/2 X

<l//bimex (O' 771 ¢n )

xTxdx . ( ‘ )| 3o (xy +4(e2/(golo))jdye y/ZJ.Xqu)n jdex

xo = [ dwy (IR= ) (e 1) + dn(e? /(i) J dye "2 x

xIXngon*(x)Ide(pn(z)(JO(x.y)JO(x.z)+Jo(x.z)Jo(y_z)_ (19)

0

—Jo(x-y)JO(x-z)JO(y-z)—ZZJZk(x-y)JZK(x-z)JZk(y-z)),

k=1
where [X—Y| = sz +y? —2xycos(6-y).
Trial wave function ¢, (x) can be represented in the form
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(|X y|) ( a3 )% |X _ y|2 e,a\)‘(,y\z — (80!3 )% e*a(xﬁyz) »
2 2 0 © (20)
{x +y - ZXyWHIO (2axy)+2) 1, (2axy)cos 2k (9—(p)j|_

k=1

Using integrals (18), one can obtain the expression

g de—j Ay, (% - 5) (€7 -1) = (80 ) e )«

x{(x2 + yz){(\lo (xy)-1) |0(2axy)+iJ2k (xy) 1 (Zaxy)}—

—2xy{(Jo(xy)—) (2e0xy)+ 2 Jax (39) g Zaxy)}
_ggk.\]%(xy)l%(zaxy)}.

Here, the derivatives of Bessel functions 1 (z) and J,(z) of the integer order were used [16,
18]:

(21)

dln(Z):gln() |n+1() dJQEZ)Zan(Z)_Jnﬂ(Z)' )

dz
Taking into account the integral (21), the second term in the right-hand side of the average
value (19) can be transcribed in the following way

1°
_4(60Jjo|ye2[xo|x<02 )27[ de—jdwx

i

&olo
© 21, )= © v lig)®
x{jdyey [2 ]J.dxx5e‘2”‘xz\]0(x~y)IO(Zozxy)+J.dyy2ey[2 ]Idxx3e‘2“XzJ0(xy)IO(Zaxy)—
ol T S
—_fdye 2 jdxxse‘zaxzI0(2axy)—2J'dy.ye 2 Idxx4e‘2“X2J0(xy)I1(2axy)—
:’ y2(1+2)°° 0 2 y2[1+:]°°
—jdyyze 2 Idxxge’zaxzIO(Zaxy)+2jdy~ye 2 _[dxx4e’2‘”lel(2axy)+
0 0 0
+ZTdye 'l Idx x5g 24X ZJZk(xy)IZK(Zaxy)—
o =

—4Tdy. yef 2(5 ‘ J'dxx“e‘z‘”zi\]2k (Xy) 1y (2axy) +
0 k=1

+2I dyyze J'dxx3 “2ax’ Z Jo (Xy) Ly (2axy) -
’ P
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—deye J‘dxx"* “2a ZkJZk(xy)IZk(Zaxy)}. (23)
as a

The third contribution to the average value (19) looks as follows:

—477(800J_|.dye ZJ.XdX§02 )Izdzwz(z)(Jo(x-y)JO(x-z)+J0(x-z)JO(y-z)—
_Jo(x'y)Jo(X'Z)JO(y'Z)_ZkZJZk(X'y)JZk(X'Z)Jzk(y'Z))Z
:477(%0} I I dxx’e ™ Idzz3 30 (%-y)do (x-2)+ I (x-2)Io (y-2) -

—Jo(x-y)Jo(x-z)JO(y-z)—ZkZ;JZk(xy)JZK(x-z)JZK(y-z)].

The first term in the average value (19), as well as the overlapping integrals L, («), can be
calculated analytically as f0||OWS'

2
NI 1 3 1
=-4 dye 2 dxx xXy)=-4l, - 1- +—= ;
(‘%ojj d J ‘(02 ‘ 0( y) ! J1+4a 1+4«a 8(1+46¥)2

1
2 20 —=

I.=[e—j Z L@=—-=2. (25)
Ely )V 2 ( 1)
a+—
do

Here, |, is the ionization potential of the 2D magnetoexciton with wave vector k =0.

by

1+4a 8(1+ 4,1)2

(24)

N‘<

Ee) _ &la)

21, 4 (@-nL, (a)) (26)

da|1- n(2a’ 1/2)]
l: (a+]/(4a))

In expression ¢, (23) there are three integrals containing only one modified Bessel function
I, (2axy) with v =0,1. They depend on parameter « of variational wave function ¢, (x) in the
way

2z (8+24a+192%)

128¢°  (1+a)?

o 2(1,,)%
l, = —! dye (2 J'([dxxsezaxz l, (2axy) =

“ [ ea )% . 2+5a)
= —[dyy% [2 ] dxxle | (2axy)=— J2r ( , (27)
Jowre ] )= B v
Nerx (4+7a)

© 7y2(£+a]
I,=2|dy-y-e ‘2 I, (2axy)= .
3 ! y-y 1( Y) 320 (1+a)5/2

In contrast to the first three integrals I, I,, I; containing one modified Bessel function
I,(cx) or 1,(cx), the other three integrals contain the products of two Bessel functions of the
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types J,(bx)I,(cx) and Jy(bx)l,(cx), one of them being also a modified Bessel function.

Integrals 1,, 1., and |, were calculated analytically exactly.
They have the expressions

© -y2 %Jra « 5 2ax? 1 ; 3 , 32
I4=_([dye ( jldxxe JO(XY)|0(2aXY)=32a4 {3I0y(q,c)+£(4a —1)|0/(q,c)+
(40°-1) 5, 7 3 (4a”-1) s, s,
" 128¢* lo (q,C)—le (a.¢)- 160 I (q,c)+§|2 (Qac)},

b —y? l-+-0: <2 2
= Jee " foote 3, 00 2 -

I NI P it TV W }
_16a2{|° (a.)+ 8a 52 (a.¢) 2I1 (a.c)y.

o o1, )
I, = —ZI dyye (2 )J.dxx“e‘zaxz\]o (xy) 1, (2axy) =
0 0

_ 1 1 (40(2—1) 2 1,
——H{'O(Q’C)Jf Toa 'o(q1c)—z'1(q’c)—

3 4 2_1 5 5
2 (ae)- el )lﬁ(q,c>+§lé(q,c)}.

16 (28)
Here, the following denotations were used [18]:
00— @)= a0 =)=z 2 ko,
(qz+cz)% (qz+cz)4 (qz+cz)é 7q
172 (q,¢) = (1_7;52) [2E(k)-K (K)],
172 (¢ _% (1;2;:) [8(1-2k)E(K)~(5-8K*)K (K)],
Il%(q,c %%[(1_k2)K(k)—(l—sz)E(k)],
% _ 1 (1_2k2)5 2 2 2 4
172(a.0) =5 W[(l—k )(1-8K*)K (k) - (1-16k +16k* ) E (k) |,
172 (q.c) L (1-2¢) [(2+5k*—8k* ) (29)

KT (o) s
x(1-k?) K (k) - 2(1-2k?)(1+ 4k — 4k* ) E (k) |
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The complete elliptic integrals of the first and second orders K(k) and E(k) depend on
modulus k , which in its turn depends on parameters q and c in the way

k—i 1- q % q_1+4a+4a2.
2 Ja? +c? ’ 8a ’
In the range of small values of the modulus k <1 the series expansions of functions K (k)
and E(k) can be used:

k2 9 k? 3
K (k l+—+—k* |; E(k 1-— -2 k! 31
kio) 2( VY j kio) 2( 4 64 j )

In this limit, the apparent singular expressions in formulas (29) can be transformed in the regular
forms as follows:

%[(1—k2)K(k)—(l—2k JE(K) |= —ﬂk(l—gk j

%[(1—k2)(1—8k2) K (k)-(1-16k*+16k*)E (K) | z;n’k (1—§k2j; (32)

(30)

N[~

7k?; k —0.

1 2 oLt 2 2 A 105
F[(2+5k —8k*)(1-k?) K (k) —2(1-2k? ) (1+4k? — 4k )E(k)] o

Using these expressions, we can obtain the simplified formulas in the limit k — 0

ﬂ@_gkz}.%
zq*(1-k*) U 8

5 (q.0) = 1% k? (1—2k5

32 (1-K*)\ 7q

The required table integrals 17 as a function of parameter « in the case of parameters
q=(1+4a+4a?)/Ba);c=1/2 are shown in Fig. 2.

The next three integrals I, 1, and |, determine the third contribution &, described by the

|1%(q,C)=%7fk

) 'k —0. (33)

formulas (24). Some details of their calculations are the following. Integral |, equals to
Wil 2
Zj dxx’e J‘dzz‘?’e“”Z (3o (xy)Jp(x2)+ 3y (x2) Iy (y2)) =
0
NIt 1) 205\/_(405 —3) 32\
(et g (402+1) g™ 4(40%+1) ¢

It was calculated exactly taking into account that the product of two Bessel functions
Jo(xz)J,(yz) can be transformed into the expression J,(xy)J,(xz) by the interchange of the

variables x = z. The integral [18] was used:

O'—-.S

(34)

2

.szze’pzz\]o (x2)=1/(2p) e v (35)
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15 (04 20

1 2 3 4 (24 5

2
Fig. 2. Table integrals If as a function of indices v and g, and parameters q =w,c=l in the
8a 2

2
cases (a—d) and parameters ¢ = 1+4a+4a C= 1 inthe case (e). All of them are plotted as a
2(1+4a?) 1+4a°

function of parameter «.

There are two integrals |, and |, containing three Bessel functions as follows:

) 7y72w L% ,
I :—Idye 2 .fdxx3e’”‘X _fdzz3e’”‘Z Jo(xy) o (x2) Iy (y2), (36)
0 0 0
and
ly = —Zi]gdyefy?? dxxe szzae’”‘22 3,0 (Xy) 350 (x2) 3, (Y2). (37)
n=lo 0 0

The three steps in the deduction of integrals Iy, |, are based on the use of the formulas [17, 18]:

I 2 1 77(x2+y2) Xy
J‘dzze“"Z Jo(xz)Jo(yz):z—e da IO(—j,
0

a 2a
T 2 1 ¢’ —b? bc
dxxe ™ J_ (bx)1, (cx :—exp£ jJU(—J, (38)
! ()1, () 2p 4p 2p

Ixﬁ’le’qXJU(cx) =17(q.,c) .
0
The exact calculations of integrals (36) and (37) leads to cumbersome expressions listed in the
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appendix. Expressions I}/ (q,C) of the exact formulas (35)—(38), as well as of the appendix, are

described in [18]. There are still four double integrals I, —1,; in the composition of expression
(23). They were calculated analytically exactly below. In all of them the table integral [18]

© (szbz)
2 1 bc
2, ()= [ ™2, (b0 06) = e 2,25 @)
2 _([ 2 2 2p 2 2p

and its derivatives were used as the first step:
d

2 R 2 K2
-—Z,,(p.b,c)= 12 exp| O 20424 &P Jon be
dp 2p 4p 4p "\2p)

o sz( e ﬂ :I Xxseipxz‘lzn (bX) 2, (CX);

2p 2p 0
2
;—pZZZn (p,b,c)= _[dxx5e“’sz2n (bx)1,,(c,x) =
0

c®—b? 2 L2 2 L2 2 2
:ise @, e 1ens S0 |[1pon 22| 200
p 2p 8p 4p 8p
2 W2 2.2
- 4n+5+g ‘]2n+1 E +b_C‘J2n+2 E ;
2p 2p) 8p 2p

b_
4p
2n 8 ¢ o
{ 6p8c c ap Zn(pvb’c)zldX)&e ' JZn(bX)'2n+1(CX)=

B 2 2
Lo { € I a(n+1)+ &0 }JN(PEJ—
2p 2p( 4p 2p

2 2 2 2
— IOCZ+i on+3+2 . Jon bc +b—iJ2n+2 be . (40)
4p° 2p 4p 2p) 4p 2p

In all these formulas, it is necessary to substitute parameters p=2x, b=y, and c=2ay. They
lead to expressions  (c2—b%)/(4p)=y’(4a®-1)/(Ba), (bc) (2=)) c/(2p)=Yy/2;

(bc®)/(4p?) =y*/4, (b%c)/(4p%)=Y?/(8a), 1/(2p%)=1/(8a*). Formulas (40) permit to
calculate the integral

(4(1 _l) 2

lZX 1
JdXX4e2 Jzn(XY) 2n+1(2aXY)_ge X
4a® -1 2 4a® -1
x{%{2(n+1)+( ™ )YZIJZn(y?]_{%(Zn#H 8a )yzﬂx (41)
2 3 2
><"]2n-¢—l [y?] +8¥7 "]2n+2 (y?j}

—
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The following integration on variable y using the table integral [18]

Iz“‘le‘quU (cz)dz=12(q,c), (42)
0
gives the possibility of exactly calculating the last four double integrals as follows:

ZZx:Tdyy e ) .|'dxx3e 203, (xy) Ly (2axy) =

n=1

0
1 & 3 4a° -1) s
:—8a2;{(2n+1)|2é(q,c)+%|2é(q,c)—§I2{+l(q,C)],
__i 0 0 7y2(%+ajoo , _Zaxz B
|, = aandye jdxxe 3,0 (XY) 1y, (2axy ) =
n=l o 0

w

4CZ n=1 8a

_ 1 in[(1+2n) Iz%(q,c)+(4“2 —1) |;é(q,c)—glzf+l(q,c)}

s

2

|12

< -y? 1-¢-oz < 2
_[dye "2 )jdxxsezc‘X Jon (Xy) 1y, (2axy) =
n=lo 0
1

(
wi (1+n)(1+2n) 12 (q,¢) +(1+n)

n=1

Il
N

(4a*-1)

da

)
(4 -1y H(g.0)-170)
1282 " @ 4

YR

(005 o)+ 41, (00

2 1Jroz 2
ly=—4> [ dyye < ]jdxx“ez“*szn (XY) 1201 (22xy ) =
0

% (40‘2‘1) % _(2n+3) 1 4a®-1),3
o (n+l)|2n (q,c)+ 160 15 (q,C) et |2n+1(q,C) 4+ 3207 |2n+1(q C)

%
=k @)

0

8 2n+2 8a

162



S. A. Moskalenko, P. I. Khadzhi, I. V. Podlesny, E. V. Dumanov, M. A. Liberman and |. A. Zubac

1 Ll )

05 ¢

_lO L

04 ¢

02 ¢

.,
‘.

-02 + |5 |

~

.
cdi,
-

e

-04 |

-
-
~n

-06 ¢

_08 L

L m,

ol b
04 - "\ (:)

02 +

S, . . . . .
., 02 04 06 . OBiasmim im0
v "‘, -

=02 + Py
L4

-04
Fig. 3. Integrals |, — 1, as a function of parameter « of trial wave function ¢, (k).

The contributions to the energy spectrum expressed by integrals 1, —1,, are shown in Fig.

3 as the functions of parameter « of trial wave function ¢, (k).

4. The Electron Structure of the Bound States

As was shown in the previous papers [10-12], the interaction of two 2D magnetoexcitons
with wave vectors k =0, which are composed of electrons and holes lying on the LLLs, vanishes
because they look as two neutral compound particles. The interactions between them can appear

163



Moldavian Journal of the Physical Sciences, Vol. 16, 3-4, 2017

under the influence of the ELLs as well as the RSOC [13]. In the absence of the last interactions,
only two magnetoexcitons with wave vectors k =0 can interact through the Coulomb forces and
can take part in the formation of bound states. The 2D magnetoexcitons with k=0 look as
electric dipoles whose the in-plane arms have a length of d =kIZ, where |, is the magnetic
length. The arms are oriented perpendicular to the direction of wave vectors k. The molecule and
the bound states can be formed by two magnetoexcitons with antiparallel wave vectors kK and

—k . They have the structure of two antiparallel dipoles bound together. The possibility of their
orientation as a whole in any direction of the layer plane with equal probability was supposed.
This possibility is achieved via introducing the trial wave function of relative motion of two

magnetoexcitons in the frame of bound state (pn(IZ), which depends on modulus k.

° E (@) a)
sp 21,

IS

=030 ¢ E. (@) -0.794 b)
-055 | 2|| -0.796

-0.798
-060
-0.800
_0'% L

-0.802

=070 |

-075 |

_0.&) L

-085 |

0 10 20 30 40 50

Fig. 4. Total energies of two bound 2D magnetoexcitons with wave vectors K and —k, with different spin
structures 77 = %1 and with trial wave function ¢, (K), as the functions of parameter «. (a) the case of

n =1, (b) the case of 77 =—1. The total energies are related to the value of 21,, where I, is the
ionization potential of a free magnetoexciton with wave vector k =0.
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The numerical calculations effectuated in the case of the function

?,(k) = (8a3)%(klo)2e‘“‘k'°)z made it possible to obtain the full energies of the bound states as a
function of parameter « of the trial wave function in two cases with 77 =41, corresponding to
two electron and hole spin structures. In both spin configurations, the full energies of the bound
states are greater than the value of —21, in the entire range of «. All these states are unstable as
regards the dissociation in the form of two free magnetoexcitons with k =0. Despite this fact, a
deep metastable bound state with the activation barrier comparable to two magnetoexciton
ionization potentials 21, was revealed in the case of =1 and « =0.5. Only a shallow state was

found in the case of 7 =-1 and « =3.4.

5. Conclusions

In the LLL approximation, when the influence of the ELLS is neglected, the bound states of

two magnetoexcitons with opposite wave vectors k and —k have been studied. The electrons
and the heavy holes are situated on the LLLs with the cyclotron energies greater than the binding
energy of the 2D Wannier—Mott exciton. The spin states of two electrons and the effective spin
states of two heavy holes have been combined so as to form symmetric or antisymmetric states

separately, characterized by parameter 7 ==+1. Each magnetoexciton with wave vector k=0
looks as an electric dipole with the length of the arm between the electron and the hole equal to
d =kIZ, where |, is the magnetic length. The arm is oriented in-plane perpendicular to wave
vector k. It has been supposed that the bound states are formed by two dipoles with antiparallel

arms and wave vectors, yet with the total wave vector equal to zero. The bound pair of two
dipoles is oriented arbitrarily in the plane of the layer and characterized by the trial wave function

of relative motion (pn(IZ), which depends only on modulus ‘IZ‘ The numerical calculations with

trial wave function ¢, (k) :(8a3)%(k|0)2e_“(k'°)2 have demonstrated the absence of stable
molecular bound states in both spin orientations 77 =+1. Instead of them, the metastable bound
states have been revealed. One of them is a deep bound state. It does exist in the case of =1
and « =0.5 and is characterized by the activation barrier comparable with two magnetoexciton
ionization potentials 21,. In the case of 7=-1 and o =3.4, only a shallow metastable bound
state can be formed.
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Appendix

The exact values of integrals I, (36) and 1, (37) are given below.
7 32a’ 16a
ls=|| =5 2 N T 3 ne
2\ (1+2a)°"(1+4a°)° (1+2a)’(1+4a%)

- 4 + 4 2 ! +
(1+2a)*(1+4a%)* (1+2a)*(1+4a%) (1+2a)*(1+4a%)

\/; _ 4a B 2 jz
JN20 (r2a)(eda’)’ (L+2)(A+4)) | rygggq 4

. 1 312 (1+2a)*
((1+ 2a)*(1+ 4a2)j

3(_ 4a B 2 J\F
|\ (+2a)@+4a’) (1+2a)’(1+4a%) )N 2 X2F1[5/4’7/412’_L4
(1+2a)

2(1+2a)° L
(1+2a)*(1+4a°%)

1+

1|+

of 4a ~ 2 \F
a (1+2a)’(1+4a%*)* (1+2a)’*(l+4a®) )\ 2 .
2(1+2a)5\/ 21 ;

(1+2a)"(1+4a%)

1

6\/ > SN2

N (1+2a) (1+4:a) )% ,F.[5/4.7/4,2,~ 4 :
(1+2a) (1+2a)

1 V4
105 —
o \/(1+ 2a)’(1+4a%) \ 2 4

F[9/4,11/4,3,
2(1+2a)° *2Rl9/4 Y43~

1+ (A1)

110

Integral |, is a series expansion, whose terms are triple products of the Bessel functions

of the orders 2nwithn =1, 2, ..., «. The first ten terms of the sum with n=1, 2, ..., 10 were taken
into account explicitly. The negligible contributions of the next terms with n>11 have been

verified carefully.
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