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Abstract

The master equation for short- and long-time interaction intervals of single two-level
atom with electromagnetic field vacuum for studying non-exponential emission is proposed.
The exact non-stationary solution for the density matrix is obtained.

1. Introduction

The evolution law in quantum mechanics is governed by unitary operators [1]. Accord-
ing with general mathematical properties of unitary operators, the decay of an unstable quan-
tum system cannot be purely exponential. In general, a rigorous analysis based on the
Schrodinger equation shows that the decay law is quadratic for very short times [2-5] and
governed by a power law for very long times [6-11]. These features of the quantum evolution
are well known and discussed in textbooks of quantum mechanics [12-13] and quantum field
theory [14]. The temporal behaviour of quantum systems is reviewed in Ref. [15].

In this paper, the density matrix method for study of the initial stage of the evolution
problem is proposed and solved analytically. Following the method proposed in paper [16],
the master equation for density matrix of spontaneous emission of single atom was obtained.
This master equation is similar to density matrix equation of two-level atom in the thermal
field, but the Einstein coefficients are explicitly time-dependent at the initial stage. According
to the Briegel-Englert method [17], we derived three time-dependent eigenvalues of the non-
stationary Liouvillian density matrix. The fourth eigenvalue, together with time-dependent
expansion coefficients, is found from the normalized theory of density matrix.

2. Non-stationary master equation with time-dependent coefficients

Let us consider the operator O(?) of an atomic subsystem. It depends on the atomic op-
erators O(¢) =O(R" (¢), R (¢),R_(¢)) . The Heisenberg equation for the mean value of this
operator can be written as

d(O(?) . / + -
% = iy ([R.(),0(0)]) + %%gk {<ak (t)[R (l)O(f)]‘P12(k)>

+ <a,§ (t)[R+(z)0(z)]lp21(—k)> + <(p12(—k)[R_(z)0(z)]gk(t)> )
+ <(P21(k)[R+(f)0(f)]0k(t)>}.

The solution of the Heisenberg equation for the electromagnetic field operators a, and a, is
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; t
aj (1) = aj (0) exp(icokt)+’g7" OI dr{wlz(—k)R‘(t — 1)+ ¢y (KR (1 - r)}exp(iwkt),

n
ap(0)=ai 0] @)
After substituting (2) into (1) and averaging over the initial state w(z =0) =| f >| A> of

the system we exclude the free solution of Eq. (2), a, (0)| f > =0 and < f |a,;r 0)=0 (| f > and

|A> are the states of the electromagnetic field vacuum and of the atom at #=0). Thus, Eq. (1)
takes the form
d(o(1))

2 ¢
o i(’)0<[Rz (f)O(f)]) —%i—’;gdrk(wu(—k)lr(t— D+ (k)R (1 - T))

3)
x ([R‘ (t),O(t)](plz (k) + 9y, (—k)[R+ (t),O(t)])> }exp(icokr) +h.c.

Following the method of integration of coefficients in the right-hand side of Eq. (3)
proposed in papers [16, 18], we obtained the master equation for the dual operator O(?)

do) _ _(4+B)) {R*R"0+OR"R™ ~2R*OR"}
dt 2 (4)
_BO {R‘R+0+ OR R" —2R"OR" }
2

According to paper [17], from this equation, we obtain the master equation for density
matrix p(?) of the reduced system

dp(t) _ _(A+BO) (s prne o o
a 5 {R R p+pR"R —2R pR } )
B(1) [+ —pt o ptop-
_T{R R'p+pR R" -2R"pR }

Let us introduce the dual Liovillian £p in master equations (5)

Lpp= (AJ”TB(’)) {[R*,pR*]Jr [R*p,m]}
+% {[R+,pR‘]+ [R+p,R‘]},

(R =[g)e]. R = (elel-|e)e)).

For Einstein coefficients 4 and B(?) for time intervals, ¢ >>2a/3c, and neglecting the
Lamb shift (here a is the Bohr radius), we use the formulas [16, 18]

1
A=—, B(z):L(Si(mOz)—n/nMJ, (7
To ) (Dol
Let us try to generalize the Briegel-Englert method [17] for non-stationary case. From

quantum mechanics it is well known that in some non-stationary formal problems the
Schrédinger equation can be solved for eigenfunctions and eigenvalues.

(6)

where R* =|e)(g

3. The solution of non-stationary master equation and its analysis

Following the method [17] for non-stationary Lindblad operator [19] Lg(?), we find a
non-stationary eigenvalue

LR(t)pn = 7\‘n(z‘)pn ° (8)
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So, the density matrix will be found in the following expansion representation
t
p(?) = ch(l)exp{ P»n(f)df}ﬁn , )
n 0

where c,(?) are time-dependent matrix coefficients. This solution (9) satisfies non-stationary
master equation (5). Returning to Eq. (6), we can observe that the following negative eigen-
values exist for eigenstates of operators R,, R,

LxR, =—(4+2B(1))R,,

1

LgR* = —E(A +2B(1))R* (10

Then the linear combination of their solutions will be a solution too. The difficulty
arises with the matrix 7, but if we assume Lp/ =0, then it is necessary to put a condition for
the time-dependent coefficients of matrix R, and unitary matrix /. Using expansion (9) gen-

eralized for the explicitly time-dependent coefficients in non-stationary part of Liouville equa-
tion (5), we can write the non-stationary solution with time-dependent coefficients in the
following form

p(1) = F(O] +cy (DR, exp{— 4+ 2B(r)]dr}
0

(11)
- (03 R* + c4R_)exp{—% fla+ 2B(r)]dr}.
0

Indeed, after using this solution in Eq. (5) and taking into consideration the normaliza-
tion condition Sp{p(t)}: 1, we find the coefficient f(¢) =1/2. After that we must require the

following coefficient for the non-stationary coefficients c»(?)
t ¢
ey (1) = {1 —4 jdl’exp{ [4+ 2B(r)]dr}} . (12)
0 0
Thus, we have obtained the following particular non-stationary solution p; ()

t'

(1) = Rz{l - Atjdt'exp{ f[4+ ZB(r)]dt}}exp{— tJ[A + 2B(r)]d1:} +1/2.  (13)
0 0

0
The constants c; and ¢4 in Eq. (11) were found from the initial conditions, p|.=¢
c3 =Pai> C4 = P12 (14)

The non-stationary solution with time-dependent coefficients for a two-level atom inter-
acting with one mode of the quantized photon field reads

p()=1/2+ Rz{l - Atjdt'exp{tj'[A + 2B(r)]dr}}exp{— tj[A + 2B(r)]dr}
0 0 0

(15)
+ (pz1 R +p, 2R_)exp{— % g[A + 2B(t)]dr},

which satisfies equation (5). It is not difficult to observe that %Sp(p(t)Rz (O)) coincides with

equation for this mean value proposed in papers [16, 18],

% =4, 1)+ BOJ(R. ) +1/2)+ Bi)[1/2 (R, (1))]. (16)
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Using solution (15) we can find the mean value of R;: (Sp(p(t)RZ(O))). In order to get
this time-dependent function we have to integrate the exponent

b
Z(t') = [[A+2B(v)}dr, (17)
0
which leads to the following expression

I(f')= A"+ i{t'Si(wot’)+ L(cos(coot')_ 1)-Zr
TETO O‘)O 2

(18)
+wi{cz'(mof)_cl-(@0a/c)}}.

0
Finally, introducing this result into Eq. (15), we obtain the solution with non-stationary
time-dependent coefficients for the density matrix p(z)

p(H)=1/2+ RZ{I - Atjdt'exp{I(t')}} exp{- Z(1)}
0
(19)
+ (p21R+ + plzR_)eXp{— %I(l‘)} .

The non-diagonal matrix elements are different from zero when the atom, in the initial
stage, was in the inseparable state (the wave function y = oc| g> + [3|e>)

ott =0y =|w){u| = o |g){s]+ Bl e)e] o el <Borellel- @O
From (20) we obtain

* * 2 2
pra =B, pay =Pa’, pyy =|of", py =|B|"- (21
The exact solution of every atomic operator can be found taking into account Eq. (19).
For example, for atomic inversion <Rz(t)> we get

(R(0) = Splp()R.(0)}
= %{1 - Atjdt'exp(l(t'))} exp(— I(f))-
0

In other words, the exact solution gives us the possibility to study all quantum proper-
ties of the evolution of the excited atom during spontaneous emission process.

(22)

4. Conclusions

In this paper, a new non-stationary method has been developed for studying non-
exponential emission. In this method the Liouvillian equation coefficients are time-dependent.
So, it can be applied to non-exponential spontaneous emission of one or more radiators. In gen-
eral, the method proposed in this paper is useful and convenient when we investigate the quan-
tum properties of the systems under study.

In summary, we have presented the master equation solution in which the linear Lindblad
operator Lp 1s expressed in terms of the time-dependent coefficients. Using the method of eigen-
values and eigenfunctions for non-stationary case, we have exactly solved the linear Lindblad mas-
ter equation with non-stationary Einstein coefficients. Applying these formulas, we have found the
time dependence of inversion during the spontaneous emission process. This model is often en-
countered in quantum optics, quantum measurement, and quantum information processing.
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