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Abstract

A theory of thermodynamic properties of a spin density wave (SDW) in a quasi-two-
dimensional system (with a preset impurity concentration x) is constructed. We choose an
anisotropic dispersion relation for the electron energy and assume that external magnetic field H
has an arbitrary direction relative to magnetic moment Mq. The system of equations defining
order parameters Mg, Mg, M, and M, is constructed and transformed with allowance for
umklapp scattering (U-processes). Special cases when H || Mg and H L Mg (H,H; = 0) are
considered in detail as well as cases of weak fields H of arbitrary direction. The condition for the
transition of the system to the commensurate and incommensurate states of the SDW is analyzed.
The concentration dependence of magnetic transition temperature Ty is calculated, and the
components of the order parameter for the incommensurate phase are determined. The phase
diagram (T, X) is constructed.

1. Introduction

There are a large number of publications focused on the discovery and study of the
properties of new high-temperature superconducting materials based on FeAs. These studies have
been initiated in [1], and subsequent studies resulted in compounds with a superconducting
transition temperature of Tc =~ 55 K [2—6].

A distinguishing feature of these materials — ferropnictides and ferrochalcogenides — is
their multiband structure [7-13].

Various approaches to describing superconductivity and magnetism (based on the band
structure of each compound, the possibility of violation of the nesting conditions, deformation of
the Fermi surface, and so on) are being used at present for a new class of FeAs-based compounds
[14-21]. In our opinion, it is necessary to analyze the properties of FeAs-based materials to
determine their magnetic properties and magnetic phase transitions disregarding their possible
superconductivity.

An interesting feature of some new materials is the possibility of a phase transition to the
commensurate or incommensurate state of the SDW. In the case of a transition to the
incommensurate state, which is observed in many Fe-based compounds (see, e.g., [22-27]),
interesting features appear in the behavior of physical quantities as a function of temperature and
impurity concentration. In particular, a gapless state can be formed and metal properties can be
exhibited [28—32].
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Here, we analyze the properties of a quasi-two-dimensional system with an anisotropic
energy spectrum and take into account the nesting condition on the Fermi surface, which
facilitates the emergence of magnetism owing to the SDW, as well as U-processes.

2. Hamiltonian of the system and basic equations

Using the mean field approximation, we can write Hamiltonian of a quasi-two-
dimensional system in the form:

+
H = z(é‘E —Wlag; Az
k,a

. U
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where:
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H? =H° + M?, M° =M, +ioM,, M§=M5+ icMy, H°=H,+ icH,, (2)

4 is the chemical potential, and Hy, Hy, H, are the external magnetic field components.
Here, we assume that the magnetic field direction is arbitrary relative to magnetization parameter
,

The components of order parameter MQ and of spontaneous magnetization M are
defined as

M§ = % 9T Tine 0Gys(k + Q. k, wy,), (3)
MG = gT 33, G-0o (k + .k, wy,), (4)
M, =M3_o= > gT %5, ,06e0 (KK ),
M? = M§_, = gT Z(G_,,,,E, k, w,), (5)
kn

where g=U/N; N is the total number of lattice states, and G (E’,E, wy) IS the one-particle

Green’s function in the (I_c), ) representation.

If the Fermi level is shifted from the middle of the band due to the introduction of an
impurity with concentration x into the system, we must take into account the charge conservation
conditions:

X =T T4y S| Goo (KK, 00) = G55 (KK, ). (6)

where G, (K k, w,) temperature Green's function in representation (k , ) and G, (K , kK, w,)

can be obtained from Geo(kk w,) by the substitution & = e, - —g and
&, = séﬂj - —&,.

On the basis of Hamiltonian (1) and relations (3)—(5), we obtain the following set of

equations for the Green’s functions:
(ia)n — SEU)GM, (E, K, a)n) + 0 M§ Gg, (E + Q,E’, a)n) +
+ 0 ME Gy (k= QK" wp) + M3% G_yor(K + QK" ) +
+ M37G_ g5 (k = QK ) + H7G_ 50 (K, k', 01) = SierS (7)

>
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If vector 6 (Qx, Qy) is incommensurate with the reciprocal lattice vectors, the resultant set
of equations is of an infinitely large order. To avoid these difficulties, we here use the
computational technique developed in [29-32] for a spin density wave (SDW) transition in a
quasi-two-dimensional system.

The method involves analysis of normal processes (without U-processes) at the first stage:
paired electrons and holes in this case must be in a unit cell; that is, in the 2D case, the following
conditions must be satisfied:

el <Q2 ke +Qel <Q2  |ky| < Q) [ky +Qy| <03, (8)
where
y=m/a, Qy= m/b ; aandb are the lattice constants.
With allowance for relations (8) (normal processes), we obtain the following system of

equations for the Green’s functions G, (E, K, a)n), G_so (E, K, a)n), Gyy (E + 6, K, wn) and
G_yo (E + 6, E, a)n):

i z - -0
iy — &, aMg H™? M,
oM} ion = €4150  Mg° 7l
H° M‘Q’ lwg — & _4 — oM
Mg H° — M3 lWn = €41G-0

GM(E, E, a)n)
Goo(k + Q. K, wy)
G_oo (k. K, wp)
G_oo(k + Q. k, w,)
To avoid cumbersome calculations, we will give the solution to system (9) in Appendix A
in [31].
System of equations for order parameter MQ and spontaneous magnetization M see also
in [31, 32].

1

_10

=(0)- ©)
0

3. Normal and U-processes

Let us choose the anisotropic dispersion relation for the electron energy
e (k) = =W, cos(k,a) — W, cos(kyb), (10)
which takes into account the interaction between the nearest neighbors. It can easily be seen that
foruy=0andx = 0,qx=0y=0, Q2 = g QY = %, the nesting condition (k) = - £k-Q°) holds.
In this case, the commensurate SDW state is formed and a dielectric gap appears on the entire
Fermi surface. Forx # 0 and g, gy, = O condition (8) leads to the relations g, < k, < Q2,
qy <k, < Qyo. As noted above, in the case of normal processes, 2D summation over k in [3] and
(6) takes into account a part of the Brillouin zone.
In this case, U-processes are taken into account by summation in [3] and (6) over k in the
intervals —Q2 <k, < Q7 and —Q) <k, < Q). Consequently, the entire Brillouin zone

participates in electron—hole pairing. Let us pass from summation over k to integration with
respect to energy in each term of Egs. (3)—(6) in accordance with the formula
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ZkF (I_C), ) =

o @
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where

& = gl(k) = &yt Ey— UM = e'(k+Q)= &t &y — WU, €1x = —Wjcos (a ky),

&1y = —Wcos (b ky), g2 = tWicos [a (ky + q,)], & = Wpcos [b (ky + qy).
Following the technique developed in [29—32], we can reduce expression (15) to the form

ZF (k == J- N(e) de Z Fg=¢- Hp; €2 = — (e+yf§),...). (11a)
ap
Here
W =W+ Wy, pf=p+ang+pn, n,= "2 p,="22 o= 141 (12)
Thus, double integration of F(E, .. ) with respect to ky and ky can be reduced to integration
of expression i N(e) F (g,...) with respect to energy ¢ in the interval- W < & « W, where N(g)

is the density of electron states of the 2D system [33], which is determined from dispersion
relation (10).

Further, all researches are executed taking into account U-processes. We will consider
some cases of the chosen direction of a magnetic field.

Case a. The transverse magnetic field is H, = M, = Mg = 0; w = /2. In this limit, formulas
for order parameter Mg and spontaneous magnetization M? lead to the following equations:

B
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where
- ~ 2 o) ~ 2
Brgr = M3+ (F+6), @ = M+ (T —c)"
Case b. The longitudinal magnetic field is H” = M° = M3 = 0; w = 0. This gives
1 ~
Ae) =2[2+ (ME)'T2,  £.(e) = |A(e) — 2077,

1
Efg’lo’/l - _:ucﬁl - E o 680-,,(8)' (14)
System of equations can be transformed to
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Byr gt = 2\/172 + M+ HA, +€2, @ 0= 2\/172 +M; — HA, + €2, (16)
§=ol,(H2— MZ®), A, =[e2+M3]""

4. Critical temperature of transition to a magnetic state: Phase transitions

Given above the equations as a result of a number of mathematical transformations and
transition to an integration on energy in compliance with formula (11a), it is possible to simplify
significantly [31, 32]. We use, in particular, ratios H,H° = 0 and Mg = 0. In a limit of zero
value of a magnetic field (H — 0) we obtain systems of the equations for determination of
parameter of magnetic phase M, and at M — 0 we obtain temperature of magnetic streamlining
Twm. This system of the equations has the form

1 1 rr WN(S) (ZHCOSZl/j — a4 (8)) h Egolau d 17
= t
37 7 | — %o ar o
ﬁ,a,O'I,O'” alrr

1 { N(A() — 20"H)  EF
M= - z ' f th a2 g 18
g9 g 22 (e) T ¢ (18)

B,a,a’,al! alrr

which is supplemented with the equations, the incommensurability of a condition of SDW
allowing determining the parameter of an order defined from conditions of a minimum of free
energyatM -0

- [F(M) — F(0)] = 0. (19)

Considering quasi-two-dimensionality and anisotropy of the considered system, we use
determination of the density of electronic states for this system:
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NG _ 0@+ - ) foc - @-10K00 +° (=7 = 1) K o

N, \/ﬁ k k
where
\/ﬁ
k = ( +77) A ) A:i’ n:&_ (21)
(2m) i Wi

K(k) =F (g k) is full elliptic integral of the first sort.

The system of the equations derived above decides by numerical methods

To determine magnetic transition temperature Ty for H = 0, we solve system of equations
(17)-(19) using electron density of states (20). It is convenient to begin analyzing this system of

equations assuming that = #z, = 0. In this simplified case, we find that the Tm/Tmo ratio

decreases with increasing X up to a critical point (Tu, Xc) denoted by the cross in Fig. 1. In the
vicinity of this point, a solution corresponding to instability of the SDW state exists.

The solution to system of equations (24)—(26) without the above simplifications at point
gives values of parameters n, and n, # 0 associated with violation of nesting and displacement of
the Fermi surface (qgx, gy # 0). It should be noted that the free energy of the system under

investigation as a function of temperature has two minima. One of these minima disappears for
n, = %and n, = @ = 0. Deviation of these parameters from zero lowers the energy of
the system and stabilizes the magnetic state via a transition from the commensurate SDW state to
the incommensurate SDW state (dashed curve in Fig. 1). Thus, the solid curve in Fig. 1 shows the
dependence of T,/T,o on X for the phase transition to the commensurate SDW state, while the

dashed curve demonstrates the transition to the incommensurate SDW state.

R (b)
1.0 : |csDW

/T Tl

I' \'\
" ISDW "~
2 4 6

X

/ \ B
;7 1sDW N

- b
— 1 1 1

0 2.0 4.0 6.0
X
Fig. 1. Phase diagram (T, X); CSDW and ISDW are the commensurate and incommensurate
states of the spin density wave, respectively; (a) isotropic energy spectrum (W,/W; = 1);
(b) anisotropic energy spectrum (W,/W; = 1.3). At the branching point (%), Tw/Two = 0.49 (a)
and 0.52 (b).

To construct the (T, X), phase diagram, we must analyze the behavior of the SDW state
for T <Tw [31,32].

On the basis of these theory graphic dependences, the corresponding quantities are given
below.
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Figure 1 shows the (T, X) phase diagram as the result of analysis of the solutions to these
main equations at T < Ty, and determination of the dependence of parameter n, on temperature
(Fig. 2) and on impurity concentration (Fig. 3).

04N |

0 02 04 06 08 10
T/Ty
Fig. 2. Temperature dependences of parameter #, (curves 1-4 correspond to the isotropic
case; 1'—4', to the anisotropic case) for X = 1, 2, 4, 5, respectively.

Plotting these solutions for 7, and analogous solutions for 7, in the diagram in Fig. 1, we
can separate the domains of commensurate (7, = 7, # 0) and incommensurate states of the spin
density wave. The dashed curve on the phase diagram (see Fig. 1) separates the incommensurate
SDW state (in the low-temperature region) from the commensurate state (in the high-temperature
region). Comparison of the two diagrams in Fig. 1 demonstrates the effect of anisotropy of the
energy spectrum on the (T,Xx) phase diagram. It can be seen that anisotropy of the energy
spectrum increases the ISDW domain (it shifts the dashed curve to the region of higher
temperatures). Figures la and 1b illustrate the isotropic case (W; = W,) and anisotropic case

(W2/Wq =1.3), respectively.

0.6

Ne /Thty

(8]

) 1 1 1
0 20 4.0 6.0

Fig. 3. Dependences of #,/Ty on X for T/Tye = 0.1 (curve 1), 0.2 (2), and 0.4 (3).

Figure 4 shows the Mq/M ratio as a function of 7/T,, with increasing X.
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It can be seen that the value of M, decreases with increasing Xas well as with

increasing T.
Figure 5 shows the increase in parameters 7, , 7, With increasing impurity concentration
and the dependence of these parameters on the anisotropy of the energy spectrum: 7, = 7, in the

isotropic case and 77, # 7 In the anisotropic case.

2
04
£ -
= -
@ 0.2 - 1
= -
o~
7
0 1 1 1 1
4.0 4.2 4.6 5.0 54 58
02 04 06 08 10 X
T /Ty,
Fig. 4. Temperature dependences of order Fig. 5. Dependence of parameters 7, and #, (curves
parameter M/M, for small magnetic fields 1 and 2, respectively) on X for T = Ty for the

H~0.15- Ty for ¥ = 0.5 (curve 1), 2 (2), 3 anisotropic case (W./W,; = 1.3); dashed curve
(3),and 4 (4). corresponds to the isotropic case #, = #p.

Note that the incommensurable condition of SDW arises at a defined value of parameter
n = nat np at the corresponding impurity concentration value. Thus, each of components 7, and
np can accept different values. In our opinion, this suggests the possibility of spin polarization of
electrons in both one-dimensional (g = 0, gy # 0 or gy # 0, gy = 0) and two-dimensional directions
(9x # 0, gy # 0). In the channelized model, it is defined by the direction of a vector Q. As
appropriate there is a shift of the Fermi level in relation to a dielectric crack.

(a) (b)
1.0 o 1.0
H|| M, H1 M,
0.8 0.8
206 = 0.6
0.4 i 0.4 F VAR
CSDW A CSDW 7 A\
’/ 4 // \
02} y \ 0.2 ’ \
’ N ’ N
=7 ISDW . _-7  ISDW "~
l" 1 1 1 g & 1 1 1
0 2.0 4.0 6.0 0 2.0 4.0 6.0
X X

Fig. 6. Phase diagram (T, X) in magnetic fields H || Mq (a) and H L Mq (b). (a) (b)
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Let us return the phase diagram (Figs. 1a, 1b) and try to determine the effect of magnetic
field on this diagram. It was found that for a longitudinal magnetic field HI| MQ (y=0),the Ty
value is noticeably suppressed by the magnetic field, while a transverse field (y = n/2) weakly
affects magnetic transition temperature Ty. This result changes the (Ty, X) phase diagram for
H || Mq: the cross on the curve describing the dependence of Ty onX in the longitudinal field is
displaced to the region of lower temperatures (i.e., the region of solutions 7, and 7, # 0 in the
phase diagram is shifted downwards). As a result, the dashed curve separating the CSDW state
from ISDW state is shifted towards lower temperatures. Therefore, the ISDW domain decreases

in a longitudinal magnetic field. Conversely, for H L M,, the phase diagram changes
insignificantly. These results are shown in Figs. 6a and 6b.

5. Conclusions

This aim of this study was a theoretical description of the properties of new FeAs-based
high-temperature superconducting materials at temperatures T < Ty, where Ty is the magnetic
transition temperature. Our analysis was based on the Hubbard Hamiltonian in the mean field
approximation, nesting on the Fermi surface, and rearrangement of the energy spectrum. We
proceeded from a quasi-two-dimensional system approximating layered structures inherent in
these materials, assuming that magnetism is associated with the spin density wave. The
commensurability—incommensurability phase transition appearing, among other things, due to
allowance for U-processes in SDW-induced magnetism is a very interesting phenomenon.

Using Green’s functions and determining the order parameters corresponding to
M§, Mg, M, and M?, we succeeded in describing the dependence of magnetic transition
temperature Ty on concentration and also analyzed the behavior of Mg at T < Ty. In this way, we
could construct the (T,%) phase diagram containing the commensurate and incommensurate
states of the SDW. The latter stabilizes the state of the spin density wave. We have analyzed the
effect of anisotropy of the energy spectrum and external field on the (T, X) phase diagram. It is
shown that the ISDW region is considerably reduced for | |MQ, while its decrease for A 1 MQ IS
insignificant. A magnetic field (especially longitudinal) lowers the probability of formation of a
semimetallic state and, hence, emergence of superconductivity. In fact, a metal state facilitating
the emergence of superconductivity appears against the background of the spin density wave. It
should be noted that magnetic transition temperature Ty is strongly suppressed in a longitudinal

magnetic field (H| |MQ) and is weakly suppressed in a transverse field (H L MQ).
Note that anisotropy of the energy spectrum affects the general pattern of the SDW state.
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