
 

 

INFLUENCE OF THE MAGNETIC FIELD AND IMPURITY ON THE 

COMMENSURATE–INCOMMENSURATE PHASE TRANSITION IN A QUASI-TWO-

DIMENSIONAL MAGNETIC SYSTEM 

 

M. E. Palistrant
1
, V. A. Ursu

1
, and M. Calalb

2 

 
1
Institute of Applied Physics, Academy of Science of Moldava, 

Academiei str. 5, Chisinau, MD 2028 Republic of Moldova 
2
Tiraspol State University, Iablocichin str. 5, Chisinau, MD 2069 Republic of Moldova 

E-mails: mepalistrant@yandex.ru, ursu@hotbox.ru, mcalalb@hotmail.com 

 

     (Received October 24, 2014) 

Abstract 

 

A theory of thermodynamic properties of a spin density wave (SDW) in a quasi-two-

dimensional system (with a preset impurity concentration x) is constructed. We choose an 

anisotropic dispersion relation for the electron energy and assume that external magnetic field H 

has an arbitrary direction relative to magnetic moment MQ. The system of equations defining 

order parameters , , Mz, and Mσ is constructed and transformed with allowance for 

umklapp scattering (U-processes). Special cases when H || MQ and H ⊥ MQ (HzHσ = 0) are 

considered in detail as well as cases of weak fields H of arbitrary direction. The condition for the 

transition of the system to the commensurate and incommensurate states of the SDW is analyzed. 

The concentration dependence of magnetic transition temperature TM is calculated, and the 

components of the order parameter for the incommensurate phase are determined. The phase 

diagram (T, ) is constructed. 

 

1. Introduction 

 

There are a large number of publications focused on the discovery and study of the 

properties of new high-temperature superconducting materials based on FeAs. These studies have 

been initiated in [1], and subsequent studies resulted in compounds with a superconducting 

transition temperature of Tc ≈ 55 K [2−6]. 

A distinguishing feature of these materials  ferropnictides and ferrochalcogenides  is 

their multiband structure [7-13]. 

Various approaches to describing superconductivity and magnetism (based on the band 

structure of each compound, the possibility of violation of the nesting conditions, deformation of 

the Fermi surface, and so on) are being used at present for a new class of FeAs-based compounds 

[14–21]. In our opinion, it is necessary to analyze the properties of FeAs-based materials to 

determine their magnetic properties and magnetic phase transitions disregarding their possible 

superconductivity.  

An interesting feature of some new materials is the possibility of a phase transition to the 

commensurate or incommensurate state of the SDW. In the case of a transition to the 

incommensurate state, which is observed in many Fe-based compounds (see, e.g., [22–27]), 

interesting features appear in the behavior of physical quantities as a function of temperature and 

impurity concentration. In particular, a gapless state can be formed and metal properties can be 

exhibited [28−32]. 
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Here, we analyze the properties of a quasi-two-dimensional system with an anisotropic 

energy spectrum and take into account the nesting condition on the Fermi surface, which 

facilitates the emergence of magnetism owing to the SDW, as well as U-processes. 

 

2. Hamiltonian of the system and basic equations 

 

Using the mean field approximation, we can write Hamiltonian of a quasi-two-

dimensional system in the form: 

 

  where: 

      

         

 is the chemical potential, and Hx, Hy, Hz are the external magnetic field components. 

Here, we assume that the magnetic field direction is arbitrary relative to magnetization parameter 

  

The components of order parameter  and of spontaneous magnetization  are  

defined as 

       

 

       

 

where g=U/N; N is the total number of lattice states, and  is the one-particle 

Green’s function in the   representation. 

If the Fermi level is shifted from the middle of the band due to the introduction of an 

impurity with concentration x into the system, we must take into account the charge conservation 

conditions: 

          

where  temperature Green's function in representation  and  

can be obtained from G  by the substitution  and  

.  

On the basis of Hamiltonian (1) and relations (3)–(5), we obtain the following set of 

equations for the Green’s functions: 

 

 

                                              (7       
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If vector  is incommensurate with the reciprocal lattice vectors, the resultant set 

of equations is of an infinitely large order. To avoid these difficulties, we here use the 

computational technique developed in [29−32] for a spin density wave (SDW) transition in a 

quasi-two-dimensional system. 

The method involves analysis of normal processes (without U-processes) at the first stage: 

paired electrons and holes in this case must be in a unit cell; that is, in the 2D case, the following 

conditions must be satisfied: 

                                     8  

where 

 a and b are the lattice constants. 

With allowance for relations (8) (normal processes), we obtain the following system of 

equations for the Green’s functions , ,  

: 

 

 

  

To avoid cumbersome calculations, we will give the solution to system (9) in Appendix A 

in [31]. 

System of equations for order parameter  and spontaneous magnetization   see also 

in [31, 32]. 

 

3. Normal and U-processes 

 

Let us choose the anisotropic dispersion relation for the electron energy 

                                                                                     10  

which takes into account the interaction between the nearest neighbors. It can easily be seen that 

for  = 0 and , qx = qy = 0, , the nesting condition k  = - k-Q
0
)
 
holds. 

In this case, the commensurate SDW state is formed and a dielectric gap appears on the entire 

Fermi surface. For  and qx, qy  0 condition (8) leads to the relations , 

. As noted above, in the case of normal processes, 2D summation over  in [3] and 

(6) takes into account a part of the Brillouin zone. 

In this case, U-processes are taken into account by summation in [3] and (6) over  in the 

intervals  and . Consequently, the entire Brillouin zone 

participates in electron–hole pairing. Let us pass from summation over  to integration with 

respect to energy in each term of Eqs. (3)−(6) in accordance with the formula 
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where 

и , 

, .    

Following the technique developed in [29−32], we can reduce expression (15) to the form 

 

Here  

       (12) 

Thus, double integration of F  with respect to kx and ky can be reduced to integration 

of expression   with respect to energy ε in the interval– , where N(ε) 

is the density of electron states of the 2D system [33], which is determined from dispersion 

relation (10). 

Further, all researches are executed taking into account U-processes. We will consider 

some cases of the chosen direction of a magnetic field. 

Case a. The transverse magnetic field is  In this limit, formulas  

for order parameter  and spontaneous magnetization  lead to the following equations: 

 

 

    

 

where 

 

Case b. The longitudinal magnetic field is . This gives 

 

                                                                                                 14  

System of equations can be transformed to 
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where  

                        

 

,             

 

4. Critical temperature of transition to a magnetic state: Phase transitions 

 

Given above the equations as a result of a number of mathematical transformations and 

transition to an integration on energy in compliance with formula (11a), it is possible to simplify 

significantly [31, 32]. We use, in particular, ratios  and . In a limit of zero 

value of a magnetic field (H  0) we obtain systems of the equations for determination of 

parameter of magnetic phase M, and at M  0 we obtain temperature of magnetic streamlining 

TM. This system of the equations has the form 

 

 

which is supplemented with the equations, the incommensurability of a condition of SDW 

allowing determining the parameter of an order defined from conditions of a minimum of free 

energy at M  0   

 

 

Considering quasi-two-dimensionality and anisotropy of the considered system, we use 

determination of the density of electronic states for this system: 
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where 

 

 is full elliptic integral of the first sort. 

The system of the equations derived above decides by numerical methods 

To determine magnetic transition temperature TM for  = 0, we solve system of equations 

(17)–(19) using electron density of states (20). It is convenient to begin analyzing this system of 

equations assuming that  0. In this simplified case, we find that the TM/TM0 ratio 

decreases with increasing  up to a critical point (TM, xc  denoted by the cross in Fig. 1. In the 

vicinity of this point, a solution corresponding to instability of the SDW state exists. 

The solution to system of equations (24)–(26) without the above simplifications at point 

gives values of parameters ηa and ηb ≠ 0 associated with violation of nesting and displacement of 

the Fermi surface (qx, qy ≠ 0). It should be noted that the free energy of the system under 

investigation as a function of temperature has two minima. One of these minima disappears for 

and .  Deviation of these parameters from zero lowers the energy of 

the system and stabilizes the magnetic state via a transition from the commensurate SDW state to 

the incommensurate SDW state (dashed curve in Fig. 1). Thus, the solid curve in Fig. 1 shows the 

dependence of TМ/TМ0 on for the phase transition to the commensurate SDW state, while the 

dashed curve demonstrates the transition to the incommensurate SDW state.  

 

 
Fig. 1. Phase diagram (T, ); CSDW and ISDW are the commensurate and incommensurate 

states of the spin density wave, respectively; (a) isotropic energy spectrum (W2/W1 = 1);  

(b) anisotropic energy spectrum (W2/W1 = 1.3). At the branching point (×), TM/TM0 = 0.49 (a) 

and 0.52 (b). 

 

To construct the   phase diagram, we must analyze the behavior of the SDW state 

for T < TM [31,32]. 

On the basis of these theory graphic dependences, the corresponding quantities are given 

below. 
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Figure 1 shows the phase diagram as the result of analysis of the solutions to these 

main equations at T < TM  and determination of the dependence of parameter ηa on temperature 

(Fig. 2) and on impurity concentration (Fig. 3). 
 

 
Fig. 2. Temperature dependences of parameter ηa (curves 1–4 correspond to the isotropic 

case; 1' 4', to the anisotropic case) for  = 1, 2, 4, 5, respectively. 

 

Plotting these solutions for ηa and analogous solutions for ηb in the diagram in Fig. 1, we 

can separate the domains of commensurate (ηa = ηb ≠ 0) and incommensurate states of the spin 

density wave. The dashed curve on the phase diagram (see Fig. 1) separates the incommensurate 

SDW state (in the low-temperature region) from the commensurate state (in the high-temperature 

region). Comparison of the two diagrams in Fig. 1 demonstrates the effect of anisotropy of the 

energy spectrum on the  phase diagram. It can be seen that anisotropy of the energy 

spectrum increases the ISDW domain (it shifts the dashed curve to the region of higher 

temperatures). Figures 1a and 1b illustrate the isotropic case (W1 = W2) and anisotropic case 

(W2/W1 = 1.3), respectively. 

 
Fig. 3. Dependences of ηa/TM on  for T/TM0 = 0.1 (curve 1), 0.2 (2), and 0.4 (3). 

 

Figure 4 shows the МQ/М0 ratio as a function of Т/ТМ0 with increasing .  



Moldavian Journal of the Physical Sciences, Vol. 13, N3-4, 2014 
 

 202 

It can be seen that the value of  decreases with increasing as well as with  

increasing T. 

Figure 5 shows the increase in parameters a , b with increasing impurity concentration 

and the dependence of these parameters on the anisotropy of the energy spectrum: a = b in the 

isotropic case and a ≠ b in the anisotropic case. 

 

 
Fig. 4. Temperature dependences of order 

parameter M/M0 for small magnetic fields 

≈0.15  TM0  for  = 0.5 (curve 1), 2 (2), 3 

(3), and 4 (4). 

 

 

 

 
 

Fig. 5. Dependence of parameters ηa and ηb (curves 

1 and 2, respectively) on  for T = TM for the 

anisotropic case (W2/W1 = 1.3); dashed curve 

corresponds to the isotropic case ηa = ηb. 

 

Note that the incommensurable condition of SDW arises at a defined value of parameter  

 = a+ b at the corresponding impurity concentration value. Thus, each of components a and 

b can accept different values. In our opinion, this suggests the possibility of spin polarization of 

electrons in both one-dimensional (qx = 0, qy  0 or qx  0, qy = 0) and two-dimensional directions 

(qx  0, qy  0). In the channelized model, it is defined by the direction of a vector Q. As 

appropriate there is a shift of the Fermi level in relation to a dielectric crack. 
 

 
Fig. 6. Phase diagram (T, ) in magnetic fields H || MQ (a) and H ⊥ MQ (b).  (a) (b) 
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Let us return the phase diagram (Figs. 1a, 1b) and try to determine the effect of magnetic 

field on this diagram. It was found that for a longitudinal magnetic field  (  = 0 , the TM 

value is noticeably suppressed by the magnetic field, while a transverse field (ψ = π/2) weakly 

affects magnetic transition temperature TM. This result changes the (TM, x) phase diagram for  

H || MQ: the cross on the curve describing the dependence of TM on in the longitudinal field is 

displaced to the region of lower temperatures (i.e., the region of solutions ηa and ηb ≠ 0 in the 

phase diagram is shifted downwards). As a result, the dashed curve separating the CSDW state 

from ISDW state is shifted towards lower temperatures. Therefore, the ISDW domain decreases 

in a longitudinal magnetic field. Conversely, for , the phase diagram changes 

insignificantly. These results are shown in Figs. 6a and 6b. 

 

5. Conclusions 

 

This aim of this study was a theoretical description of the properties of new FeAs-based 

high-temperature superconducting materials at temperatures T ≤ TM, where TM is the magnetic 

transition temperature. Our analysis was based on the Hubbard Hamiltonian in the mean field 

approximation, nesting on the Fermi surface, and rearrangement of the energy spectrum. We 

proceeded from a quasi-two-dimensional system approximating layered structures inherent in 

these materials, assuming that magnetism is associated with the spin density wave. The 

commensurability–incommensurability phase transition appearing, among other things, due to 

allowance for U-processes in SDW-induced magnetism is a very interesting phenomenon. 

Using Green’s functions and determining the order parameters corresponding to 

 and , we succeeded in describing the dependence of magnetic transition 

temperature TM on concentration and also analyzed the behavior of MQ at T < TM. In this way, we 

could construct the   phase diagram containing the commensurate and incommensurate 

states of the SDW. The latter stabilizes the state of the spin density wave. We have analyzed the 

effect of anisotropy of the energy spectrum and external field on the phase diagram. It is 

shown that the ISDW region is considerably reduced for , while its decrease for is 

insignificant. A magnetic field (especially longitudinal) lowers the probability of formation of a 

semimetallic state and, hence, emergence of superconductivity. In fact, a metal state facilitating 

the emergence of superconductivity appears against the background of the spin density wave. It 

should be noted that magnetic transition temperature TM is strongly suppressed in a longitudinal 

magnetic field ( ) and is weakly suppressed in a transverse field ( ). 

Note that anisotropy of the energy spectrum affects the general pattern of the SDW state. 
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