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We present the theoretical investigation of the dynamics of strongly confined laser
driven semiconductor quantum dots coupled to phonons. We provide a formally exact solution
of this non-Markovian quantum decoherence problem. The method is based on the discrete
time-dependent path-integral Monte Carlo technique. This method allows us to explore the
cases of long pulses, arbitrary dot-phonon and dot-laser coupling and high temperatures, which
up to now have been inaccessible. We find that although Rabi oscillations of the density matrix
are suppressed due to phonon induced dephasing, the dephasing rate is a non-monotonic func-
tion of the laser field and that it becomes smaller at larger fields leading to a remarkable re-
vival of the Rabi oscillations. This revival is of a general nature which for the type of systems
studied here occurs for all temperatures and carrier-phonon coupling strengths.

1. Introduction

Achieving of coherent manipulation of exciton states in semiconductor nanosize quan-
tum dots (QD) is vital for applications in quantum communication and information [1]. The
practical implementation requires surmounting several formidable obstacles. The greatest
challenge is to preserve the quantum information in the memory for a sufficiently long time to
perform all the quantum processing. This stems from the fact that the slightest influence from
the environment can cause quantum processors to break down, a phenomenon called decoher-
ence [2]. In “quantum dot under the external laser field systems” the coherence of the carrier
states is destroyed and the Rabi oscillations decay even in a single QD [3-5]. Therefore, while
quantum dot qubits are rather easily addressable from the outside, they are, in turn, also rather
fragile for various decoherence mechanisms from the environment. Interface dots, e.g., typi-
cally exhibit a strong radiative decay due to large dipole couplings [3]. Tunneling induces
dephasing when Rabi oscillations are measured in the photocurrent [4, 6]. Also off-resonant
wetting layer states may contribute to the decay [5, 6]. The coupling of phonons to the QD
provides a basic dephasing mechanism, which is present in any sample and all setups and thus
marks a lower limit for the total decoherence [7-9]. In typical self-assembled QDs it is indeed
the elastic phonon scattering, usually referred to as pure dephasing, which dominates the loss
of coherence on a picosecond time scale at temperatures below ~100 K. A theory taking pure
dephasing as the only source for decoherence yielded quantitative agreement with experi-
ments in this regime essentially without adjustable parameters [10]. Also the focus of the pre-
sent work is on the properties of this important mechanism.
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For strongly confined dots excited exciton levels can be neglected and a theoretical de-
scription can be reduced to a two-level independent boson model (TLIB) coupled to an exter-
nal field [11]. However, even for this simple quantum dissipative model fully non-
perturbative analysis is possible only in the case of ultra-short laser pulses, when the dynam-
ics during the pulse is decoupled from a subsequent free evolution [7]. In the case of arbitrary
shaped excitation pulses both perturbation approach [12] and correlation expansion [8] for the
TLIB demonstrated the decay of the Rabi oscillations. The obtained results are essential for an
important practical problem of reducing the phonon induced decoherence by taking optimal
configurations of the driving pulses [13, 14]. The disadvantage of both approaches is that the
dot-phonon coupling is assumed small so they are unsuitable to study the cases of strong cou-
pling and large temperatures. In additions, the validity of the methods is questionable for a
long time evolution. Dynamics of the system at arbitrary conditions is often studied within the
Markovian approximation, which neglects the memory effects introduced by the pho-
nons [5, 6]. However, the analysis of the influence of the induced memory revealed consider-
able differences with the purely Markovian dynamics [7, 8].

Here we report results for the dynamics of the quantum dots described by the TLIB
model that are obtained using the numerical real-time path integral techniques. Path integra-
tion is a popular tool in the studies of quantum dissipative systems to which the TLIB model
belongs [15]. However, numerical calculations of the path integrals are rather non-trivial for
the well known reason that two many paths of nearly equal weigh but random phases can con-
tribute in the calculations. It has recently been shown that this problem can be efficiently
solved in the situation when the memory time introduced by the phonon subsystem is fi-
nite [16]. In this case the path integral can be reformulated as a pseudo-Markovian evolution
of the so-called augmented density matrix. Here we apply a modification of this formalism
combined with the “on-fly” path selection algorithm [17-19] to study dynamics and Rabi os-
cillations of the quantum dots. We obtain numerically accurate dynamics of the system and
study previously inaccessible regime of long evolution times and high temperatures.

2. Model and its solution

The TLIB Hamiltonian coupled with the resonant laser field is written in the rotation
wave approximation as (expressed in the Bohr units)

H-= (az +%)Q+(0'z +%)qu (b7 +b,)+> wbb, + ME(t)o, + M E(t)o_, (1)
q q

where o, 6+ = o, * iG, are Pauli matrices acting on the QD states space, Q is energy gap be-
tween the QD states, by (b'y) bare annihilation (creation) operators of a phonon with momen-
tum g, @y is phonon dispersion, y, is the phonon-dot coupling constant, M- is the dot-field
coupling constant and E(?) = f{t)exp[i€X] is external laser field of a frequency

a-0-(l)0,).

where f(?) is an envelope function, assumed real for simplicity. For our calculations we ac-
count only for the coupling with the LA phonons, which provides the most important contri-
bution to the dephasing in the system [7, 20]. The dynamics of the complete density matrix,
which includes both dot and phonon states, is obtained by solving the Heisenberg equation

,-“;_ft’ _[H, p] @)
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The initial condition for this equation is obtained from the fact that before the arrival of
the pulse the system is in a temperature equilibrium state, for which the density matrix is a
direct product of the initial density matrix of the dot states and the phonon temperature distri-
bution

p(0)=E(O)@%l?[goexp[—%nqwq} E(O){g f] 3)

where T denotes temperature and Z is the normalization factor. A formal solution of Eq. (2) is
written as

plt)=U()p(0)U(r)" (4)
where evolution operator is defined as a time ordered exponent
U(t):f"exp{— iIH(T)dT} (5)
0

To obtain the reduced density matrix for the dot states we calculate the trace of Eq. (4)
over the phonon states. For the TLIB model (1) this trace can be calculated explicitly leading
to the well known Feynman-Vernon functional. [21] After that we get the matrix element of
the reduced density operator at time ¢ in the space of the relevant system coordinate aug-
mented by a non-local influence functional in the following form

—d + +
Potoi = ZRN(O'N...O'O ), (6)
ot..oh
where
. . N N m . —(0)
+ +)_ + - N - + -
RN(GN"'GO)_HMG;U,;,IMU;U,;,I exp Z(Gm O'm)Z(ij o, -K,; Gj) Poior-
m=1 m Jj=0

with ¢ = NA, N is the number of steps, A is the time discretization, ¢; = jA are discrete time
instants, o, = 0,1, Kj; is the memory kernel given in Ref. [22]
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Fig. 1: Time dependence of the memory kernel K(z) for a 5 nm spherical GaAs quantum dot at
temperature 7= 10 K.

Equation (6) constitutes a discretized form of the reduced density matrix dynamics of
the relevant system and thus provides a starting point for PIMC simulations. To perform path
integration of Eq. (6) numerically we employ a modified version of the augmented density
matrix algorithm [16], supplemented with the method of “on-fly screening” [17]. The above
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described formulation resulted in a path integral over the relevant system paths with an action
that is non-local in time. Although the evolution of the reduced density matrix is not Mark-
ovian in this case, we note that the memory kernel K;; depends only on the differences i - ;.
For a quantum dot coupled to a continuum, like the one provided by LA phonons, Kj; rapidly
decreases with increasing m =i —j

lim Re(K,, ) oc exp[ ngza)g] (7)

A graphical illustration of the memory kernel is given in Fig. 1. The additional investi-
gations show that the memory kernel has the finite length independent of the system-bath
coupling strength y,. We therefore conclude that the system exhibits an effective memory
length 7, such that K (¢ > 1,,) = 0 (I —j > ny4y) 1s a good approximation.

From Eq. (6) we note that there exist the relation between Ry and Ry.;

N
R, (G;\L,...GO ) M;m Mo exp{— (G;, —-oy )Z(KN./ o -Ky, G;) RNfl(G;f,fl...Gér) (8)

j=0
This allows us to construct an iterative scheme as follows. At time ¢ = 0 we start propaga-
tion of the reduced density matrix and get the following result for the density matrix for ¢ = &.
pjro; ZZM;(GO’M;*G(; ](Gli’gli)l(dl’UO)p:*og’ (9)
where we have introduced the memory interaction function
oo =l o M, 1) 10
For each time step we calculate the complex weights of the all possible paths according

to the equation
1 k

W' =M o oy o'o‘ HH[(Gk’Uk) Pt oro (11)

k=0 k'=0
wherei=1, ..., 2% counts the path number.

At the time step m we have
L(/: 1)

Pri = 2 M, Hl(am,ak) Lor00) (12)

with L™ = 2" the number of the all p0551ble path configurations at the time step m, where
M < Ryqy. Here, we have defined Ry not as a function of variables o ...c; but as a function of

ml ml

“paths” on those variables defined as a configuration, e.g. 0,1,0,...1. The corresponding com-
plex weights are

Wr=M:. M Gf[f[ Io},00)p" Pl . (13)

We see that the number of configurations L™ grows exponentially. In order the algo-
rithm will be amenable for calculation we employ a Monte Carlo procedure to filter out at each
iteration the path configurations with exponentially small contributions at each iteration [17].
This is so called the algorithm of the “on-fly screening”. In this procedure, on each iteration

step m of Eq. (12) we probe all new values of o, and select only those values, for which the

configuration complex weights larger than a the adopted threshold 9, i.e. W™ > &, and store in

the memory these values together with the corresponding path configurations. The paths with
the complex weights smaller than the given threshold are ignored in the consequent time-
point’s calculations of the reduced density matrix. This “on-fly” selection procedure provides a
considerable decrease of the number of the paths considerably increasing the calculation speed.
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The finite bath memory effect reduces the interval of the running variable k& in the sum-
mation in the exponent of Eq. (8) to the interval m —n_, <k < m. Then variables G,jfnm Oy

are unaffected by the phonon memory and the corresponding functional dependence can be

eliminated without information loss by applying the summation over variables Unimm, Oy
and introducing the truncated augmented matrix as
Rm(a,j...a,ifn ): ZRm(O';...GOi), (14)
O T

Eq. (8) can be rewritten in a form of a sequence

= + + ag+ - - t _+)p + +

Rulotoos, =M M_ % TlIoioi)Ruilol,or, ) (9

o k=m—n,

m-—nmax max

If we look at the matrix R, (Gj o, ) as at the function of the certain finite path

M=Npax

segment (Gi...a,ﬁfnm) we see that Eq. (15) couples the segment (Gi...a,ﬁfnm) only to its

+ +

o, ) Therefore, Eq. (15) reminds a Markovian process where the

nearest neighbor (Gm_l... —
function depends only on this function on the previous step. From the numerical point of view
Eq. (15) provides a significant reduction of the memory required to store the augmented den-
sity matrix. Fig. 2 illustrates the just described procedure. Another advantage of this represen-
tation is that calculation of the evolution requires a single run of sequence (15). The values of

the reduced density matrix at ¢ = ¢y are obtained as

plty)= S Rulos.oh, ) (16)

+ +
ON-1-O N-npmax

Finally we note that the memory function K,, satisfies an exact relation
N
#Bl{; Re(K, )—idQ2 AN} =0, (17)
which has to be also retained for its finite memory approximation as
N
> Re(K,)-idQAN =0.
n=0

Apart from discretization errors one can obtain numerically exact results for the full
range of model parameters using this algorithm. At higher 7, Re(K) is larger and the methods
works even better. No numerical difficulties were encountered but very strong fields require
smaller time slices and larger computer memory.
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Fig. 3: Time evolution of py of InGaAs Fig. 4: Time evolution of pyy of InGaAs

dots of d = 10 nm at 7 = 50 K driven by the ex-  dots of d = 10 nm at 7= 50 K driven by the ex-
ternal field of selected amplitudes; the case of  ternal field of selected amplitudes; the case of
smaller amplitudes. larger amplitudes.

3. Results and discussion

For the numerical calculations are done for InGaAs quantum dots of a spherical shape.
Details of the model and values of the material parameters for the dot-phonon coupling can be
found elsewhere Vagov, while the dot diameter is chosen 10nm. The threshold value for re-
jecting the paths is chosen & = 10, The domain of approximately non-zero K,, is approxi-
mately 4ps and K~ 4,y4=0. We assume rectangular driving pulses f{#) = const, which allows
for a transparent physical interpretation while being qualitatively general.

The dynamics of the pgy density matrix element calculated at 7= 50 K for selected val-
ues of /= const is illustrated in Fig. 3 for smaller field amplitudes and in Fig. 4 for larger
ones. In the Figs. 3 - 4 one sees that Rabi oscillations of the occupation decay to the equilib-
rium value pgo = p11 = 0.5. The decay rate noticeably depends on the amplitude of the applied
field, moreover this dependence is non-monotonous. For the smaller field amplitudes as
shown in Fig. 3 the decay rate increases with the increasing amplitude. However, as seen in
Fig. 4 with the further increase in the amplitude the decay rate decreases considerably.

The dynamics of the TLIB in Figs. 3 - 4 is a complicated function of time. In order to ex-
tract its effective decay rate quantitatively we approximate it with a simple exponential expression

puo(t) =31 - costor)expl-1/1, )} (18)

where o and ¢, are chosen from the best fit of the numerical solution. It turns out that Eq. (18)
provides a quantitatively accurate description for the numerically obtained dynamics, while
extracted ¢; and  serves as quantitative measures of the decay time and the Rabi frequency of
the dot dynamics. Results of the #; as a function of the applied field obtained at three tempera-
tures 7= 10, 50, 100 K are shown in Fig. 5.

At all selected temperatures #; is a non-monotonous function of the field. For the smaller
fields the decay time decreases with the increasing field before reaching its minimum at
f~ 1ps”. We note that the inverse of this value is approximately equal to the kinetic time in
the phonon subsystem, which for the chosen parameters is 7~ 1ps.

As seen in Fig. 5 the decay time increases at the increased temperatures. Fig. 6 shows
the decay time as a function of the temperature for two values of the field, chosen from differ-

ent domains of the #,(f) function. In both cases the decay time decreases at increased tempera-
tures, which appear intuitively justified.
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Effective frequency w (or the period) of the Rabi oscillations is another important char-
acteristics of the system. As is well known, in the absence of the phonon coupling w is pro-
portional to the field f'and is temperature independent. When the phonon coupling is present
the situation is strikingly different as demonstrated in Figs. 7 and 8, which show the normal-
ized period of the oscillations (the period multiplied by f).

T T T T T T T T T T T T T T T T T T T
1.8 _ _ 12

— f=0.62ps”
--f=1.89 ps'1

T (K)
Fig. 7: Normalized period of Rabi oscilla- Fig. 8: Normalized period of Rabi oscilla-

tions (divided by that period without the phonon tions as a function of temperature obtained by
coupling) as a function of field obtained by fit- fitting numerical results with Eq. (18).
ting numerical results with Eq. (18).

As is seen in Fig. 7 similarly to the decay time, the field dependence of the period can
be separated into two different domains /< 1ps™ and /> 1ps”, with a considerably different
behavior. In the first domain, /< 1ps”, the normalized period exceeds unity, which means that
the period is increased by the phonon coupling. This increase is considerably larger at higher
temperatures. In the other domain, /> lps™, the influence of the phonon coupling produces
the opposite effect: the period is decreased. The decrease is of a less magnitude than that in
the first domain, but it is also more pronounced at the higher temperatures. Fig. 8 illustrates
the temperature dependence of the normalized period. For two field values from the two do-
mains the effect of the temperature influence is opposite: for the domain of the smaller fields
the period increases, while for that of the larger fields the period decreases.
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The increase of the period at the smaller fields can be understood by calculating Eq. (6)
in the limit /' — 0 which yields the infinite decay time and an exact analytical expression for

the normalized period of the Rabi oscillations

2 2

TZZEGMJEEVA (1+2n,)| - 2ﬂexp2T§:kA—. (19)
P a): 4 T,y >>1 7 5

Hence in the limit of vanishing fields the period exponentially increases at the increased
phonon coupling constant and temperatures. This is expected to hold for small finite field am-
plitudes. The decay time in the domain of small fields in Fig. 3 is indeed quite large in agree-
ment with this result.

The fact that the critical field separating two domains is approximately equal to the en-
ergy scale, defined as the inverse of the phonon kinetic time 7, is not accidental. Rabi rota-
tions effectively introduce an energy scale equal to its frequency o into the system. This has
to be compared with the characteristic energy of the phonon subsystem, which is estimated as
rph'l. One could also expect that the phonon coupling influence on the dynamics reaches its

maximum when the two energies coincide and that the influence diminishes when @ >> T;,i.

This coincides with what is obtained in the calculations. This intuitive reasoning can be sup-
plemented with the results obtained by the perturbative calculations [12], according to which
the evolution of p;; = 1-pgo is given by [23]

)=~ st )

—0

where R(w) is the spectral density of the phonon reservoir coupled to the QD while S(w,?) de-
fines optically controlled dynamics and can be represented as a sum of 6S(w,z) and ® inde-

pendent expression sin(2 fr)2 /4. According to Eq. (20) the decay rate of the oscillations
depends on the overlap between & S(w) and & R(w)/ @’ . It can be demonstrated that for the
chosen dot model R(a)) has its maximum near @ =0 and decays exponentially with the rate

oc T;,i . At the same time for a rectangular shaped pulse 6 § (a)) is found as
2 . _ . _ _ 2
5S(w):f_|exp[z(a)+f)t] 1+ exp[z (a) f)t] 1| ' 1)

41 o+f o—f

It can be demonstrated [12] that this function has a multi-peak structure. The largest of
those peaks is found at @ = f* and shifts to the right when f'increases. At f >>7 , the over-

lap becomes negligible leading to the diminishing phonon influence on the dynamics which
explains the origin of the Rabi oscillations revival.

Conclusions

We have presented results of the numerical calculations of the dynamics of quantum
dots resonantly excited by rectangular laser pulses, which demonstrated several interesting
and unexpected phenomena. It was shown that although the Markovian approximation with
constant damping can satisfactory approximate the dynamics at chosen field and temperature,
its fails to predict the change of the damping constant with the field amplitude and the system
temperature. Moreover, we have indicated that the phonon coupling leads to a considerable
renormalization of the period of Rabi oscillations.
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Obtained field dependence of the decay time and the period is shown to separate into
two distinctive domains of the smaller and larger field amplitude, in which their behavior dif-
fers considerably. While for the smaller fields the decay rate increases at the increased field,
at the larger fields the opposite trend is observed leading to the revival of Rabi oscillations.
The domains also differ by the field and temperature dependence of the oscillations period.
While in the smaller fields domain the period exceeds that in the absence of the phonon cou-
pling and increases at the higher temperatures, in the larger fields domain it is smaller than
that in the absence of the phonon coupling and further decreases at the high temperatures.

Finally we note that an appearance of the two domains in the field dependence of the
dynamics seems to be a general phenomenon, not related to a particular choice of the dot
model and of the dot-phonon coupling. This can be explained by the overlap of the effective
energy scales in the system, introduced by the Rabi oscillations and by the phonon coupling.
Consequently, the revival of the Rabi rotations at large fields can occur in many physical re-
alizations of the dissipative quantum mechanical systems.
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