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A set of nonlinear evolution equations describing the dynamics of atoms, molecules, and
photons in the course of stimulated atomic-molecular conversion in a Bose-Einstein condensate
is derived and studied in the mean-field approximation. It is shown that conversion can be
periodic or aperiodic in time, the rate of the process being determined, to a considerable extent,
by the initial density of particles and by the initial phase difference. Depending on initial con-
ditions, various conversion modes can be realized. The possibility of stabilization of a special
state (of rest) of the system for nonzero initial number densities of particles is predicted. It is
pointed out that coherence of a Bose condensate of atoms, molecules, and photons predeter-
mines the possibility of phase control of the conversion process.

1. Introduction

The first observation of Bose-Einstein condensation in low-density atomic vapors [1-5]
stimulated substantial progress in experimental and theoretical studies of physical properties of
Bose condensate in magnetic traps [6-9] and its dynamics in two-well traps [10-15]. In recent
years, investigations into the dynamics of bound atomic-molecular condensates under the
conditions when Feschbach resonances are manifested or under the conditions of the
atomic-molecular Raman conversion involving two electromagnetic radiation pulses have been
attracting special attention.

If the total energy of two colliding atoms is equal to the energy of a quasi-bound diatomic
state (a molecule in a strongly excited state), the emergence of resonant bonding of atoms is
referred to as Feschbach resonance. The dependence of the Feschbach resonance position on
the applied magnetic field determines the unique possibility of continuous variation of in-
ter-atomic scattering length and even sign reversal of the interatomic interaction upon a varia-
tion of the field [16]. The magnetic field tunes the levels of the diatomic molecular system so
that pairs of atoms are combined into a molecule in a strongly excited state. It was noted in [17]
that the concepts atomic pair and molecule in a strongly interacting many-particle system in the
region of the Feschbach resonance become conditional to a certain extent. Such resonances
were observed, for example, in the Bose condensate of sodium atoms in magnetic fields of
853 G [18] and in cold the gas of *Rb in a field of 164 G [19]. In sodium, the scattering length
a as a function of magnetic field B varied in accordance with theoretical predictions [16]. It was
shown in [20-22] that the lifetime of the molecules formed in a strongly excited state is much
longer than the time of their relaxation to the lower energy levels. This property was explained
in [23] by the action of suppression of inelastic processes of interaction leading to transitions of
molecules to deeper levels. However, it was shown in [24, 25] that mechanisms of inelastic
collisions (e.g., collision of a molecule with a third atom [25]) exist for which the collision rate
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increases. Such collisions determine actual losses in the system of condensed atoms and
molecules. In [26], the Feschbach resonance in a time-dependent magnetic field was investi-
gated. In this case, damping of condensate also takes place due to transition of a part of atoms
into non-condensate states.

At present, the production of ultracold Bose-condensed molecules of K, [27-29], Li,
[3, 0-22,30-32], Cs; [33-35], Cs4[36], Na» [2, 18, 37],and Rb, [1, 19, 38-41] has been observed.

In [42-45], the idea of optical manipulation of the magnitude and sign of the scattering
length in low-temperature atomic gases (i.e., the ideal of the optical Feschbach resonance) was
developed. Two-photon atomic photoassociation was observed in [41, 46] when two Raman
pulses, which led to binding of pairs of interacting atoms into molecules, acted on the system.
The scattering length in this case turned out to be noticeably dependent on the intensity of laser
beams and detuning of their frequencies from resonance.

The publications [47-51] by different authors have similar formulations of the problem,
the method of their solution, and results. The general approach used by the authors of these
publications is the use of the system of coupled Gross-Pitaevskii equations in the mean-field
approximation for the amplitudes of atomic and molecular condensate and numerical solution
of these equations. The results and conclusions drawn in [47-51] are identical in many respects.

In [47], the coherent formation of a molecular Bose condensate from the atomic one was
studied using the parametric interaction, in which the processes of formation and dissociation of
molecules are analogous to the processes of second harmonic generation and parametric
down-conversion, respectively. The possibility of oscillations of the number densities of atoms
and molecules in the system was noted and the existence of a 3D bound atomic-molecular con-
densate in the form of a localized solitonlike structure even in the absence of a trap was predicted.

It should be noted that quantum dynamics of a two mode atomic-molecular condensate
was studied in [52] on the basis of a set of coupled equations for the amplitudes of condensed
atoms and molecules. As in [47] only the parametric interaction between the condensates was
taken into account.

In [48], the properties of the atomic Bose condensate, which was parametrically coupled
with a molecular Bose condensate through stimulated coherent Raman photoassociation, were
studied. It is shown that a hybrid atomic-molecular condensate, which is captured in a trap and
is dynamically stable even in the absence of the trap, is formed owing to the interaction between
particles. If, however, the condensate in the trap turns out to be unstable, self-localized stable
drops of an atomic-molecular condensate can be formed after the condensate leaves the trap.
Such drops of coherent material waves resemble self-localized optical solitons sustained by the
parametric interaction.

In [50], the possibility of forming a hybrid atomic-molecular condensate with a
self-consistent density, which exhibits liquidlike properties, was also proved. The energy of the
ground state of the condensate per particle was calculated as a function of the density for
various resonance detunings. The existence of the energy minimum at a certain value of density
was proved.

The Raman photoassociation process was also studied in [53]. It was found that the rate of
binding of atoms into a molecule and the rate of its dissociation are on the order of 10 m /s,
which is much higher than the rate of spontaneous transitions from excited states of the molecule.
This indicates the possibility of rapid coherent atomic-molecular conversion in the condensate.

The advances made in controlling the interaction of ultracold atoms raise the question of
the possibility of similar control for ultracold molecules. The resonant interactions between
molecules may lead to synthesis of more complex objects than atomic dimers. Moreover,
scattering processes for molecules contain a large number of new reaction channels as com-
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pared to atomic systems. Like atomic Feschbach resonance, magnetic tuning of interactions
between molecules will lead to new processes, controlled chemical reactions, and the synthesis
of complex ultracold molecules in regimes in which quantum coherence plays an extremely
important role. The authors of [36] observed molecules, collisional resonances in the ultracold
gas of Cs, which were produced from an atomic Bose-Einstein condensate using CO, laser
radiation and were tuned by a magnetic field. These resonances were interpreted in [36] as
Feschbach resonances for ultracold Cs, molecules, leading to the formation of Cs4 molecules.

It was shown in [51] that such processes may lead to basically new chemistry (so-called
superchemistry), in which strong coherent stimulation of chemical reactions involving ultra-
cold atoms and molecules take place. Atomic-molecular Raman conversion may be the pre-
dominant nonlinearity and might lead to new chemical reactions at ultralow temperatures. The
theory of photoassociation of Bose-condensate atoms proposed in [41, 47-51, 53-58] ultimately
boils down to the theory of atomic-molecular conversion induced by an incident electromag-
netic wave. The role of the optical pulses ensuring a Raman transition is reduced to nonlinear
coefficients in the interaction Hamiltonian, which depend on the field intensities (i.e., actually,
to the use of the preset field approximation for optical pulses). However, photons of both pulses
can also stimulate chemical reactions and, hence, their role may turn out to be much more
important and diversified. It was shown in [51] that simple atomic-molecular conversion or
atomic-molecular conversion induced by a Raman transition boils down to periodic processes
of the binding of two atoms into a molecule and its dissociation, the rates of these processes
being determined by the density of the initial atoms. In fact, the situation may prove to be more
complicated if the time evolution of the photon density in Raman pulses is taken into account
directly [59].

2. Formulation of the problem and basic equations

It is interesting to consider the dynamics of atomic-molecular Bose condensates. The
Raman process of binding two atoms into a molecule is treated as a single process. We will
consider below the results of analysis of this process. We will show that the number densities of
initial atoms, molecules, and photons considerably affect the process rate, and we will observe
that reactions may be either periodic or aperiodic in time. In addition, a significant role of the
phase difference of the initial reaction components will be noted and the possibility of phase
control of a chemical reaction will be predicted. Macroscopic coherence of Bose condensates of
atoms, molecules, and photons of both pulses predetermines quantum interference of all reac-
tion components and, accordingly, the importance of phase relations.

In principle, the process under investigation could also be referred to as optical Raman
nutation under the conditions of atomic-molecular conversion, which involves periodic varia-
tion of the populations of the atomic and molecular states under the action of two coherent
Raman pulses of laser radiation and periodic enhancement of one of the pulses and suppression
of the other pulse.

Let us suppose that two identical free Bose-condensed atoms with zero kinetic energy
(zero temperature) and with total energy E~=2/ay pass to a molecular state with energy En=/.£2
via an excited molecular state £, by absorbing and emitting light quanta with energies %@, and
ha, (Fig. 1). In this case, two phasecoherent pulses with frequencies @, and @, and with certain
values of field amplitudes and phases are used. Binding of each pair of atoms into a molecule
leads to a transfer of a photon from the first pulse to the second one. For this reason, en-
hancement of one pulse and suppression of the other during atomic-molecular conversion could
serve as an indication of a coherent process. As regards the intermediate excited level with
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energy £, it can be omitted from the analysis using the adiabatic passage principle [54]. In [60],
stimulated Raman transport of an atomic Bose condensate from one trap to another via a
common excited level of the system was studied. The atomic transport was treated as a
two-stage process. Numerical solution of the set of equations for the populations of two lower
levels and the upper excited level proved that the population of the latter level is negligibly low
as compared to those of the lower levels.
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Fig. 1: Schematic diagram of stimulated Raman atomic-molecular conversion. Level aa corre-
sponds to the energy of two free atoms, while level b corresponds to the energy of a free molecule.

The process of stimulated Raman atomic-molecular conversion as a single (one-stage)
process induced by short pulses of resonant laser radiation can be described by a model inter-
action Hamiltonian Hint

H,, =hg(Géb*é,é +a* a6 béfé,), (1)
& and b (&* and b*) are the boson operators of annihilation (production) of the atomic and
molecular states, respectively, ¢, and ¢, (¢ and ¢, ) are the annihilation (production) opera-
tors for photons with frequencies @; and @», and g is the interaction constant. Essentially, we
are proposing a general type of nonlinearity, which may lead to the formation of a molecular
Bose condensate via the emission of molecular bosons from the atomic Bose condensate, which
is stimulated by two Raman pulses. A similar Hamiltonian describing the process of one-photon
atomic-molecular photoassociation was discussed in [54]. Information on the amplitude and
other parameters of the incident pulse was contained in the photoassociation coefficient.

As in [48-51, 54-58], we will use the mean-field approximation. The applicability con-
ditions for the mean-field approximations were discussed in detail in [8]. The atomic-molecular

Bose condensate is characterized by nonzero order parameters for atomic <0?> =qa#0, mo-

lecular <5> =b#0, and electromagnetic <51’2> = ¢y, # 0 fields, which will be henceforth

referred to as the amplitudes of the material and electromagnetic fields. Averaging the
Heisenberg equations of motion for operators < , b, ¢, and ¢, (i ~h~&=[&,I:[J , etc.), we obtain
in this approximation the equations of motion for the corresponding amplitudes o, b, ¢, and
¢, . In this case, we take into account the fact that the mean value of the product of several

operators (under the assumption of complete coherence of the system) is equal to the product of
mean values of each operator (i.e., the product of the corresponding field amplitudes). The
system of nonlinear differential equations obtained in this way using Hamiltonian (1) and de-
scribing the time evolution of the amplitudes of material and electromagnetic fields has the
form
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.. *, 0 %
ia=w,a+2ga bc,c,,

ib = Q,b+ gaac,c,, )

ic, = w,c, + ga*a*bcz,
i¢y, = wyc, + gaob c,.

This system of equations should be supplemented with the initial conditions, which can

be represented in the form
ali=o=a0e"®, blo=boe™", c1l—o=c10"", cal=o=c20e™™, (3)
where each variable is characterized by its own initial amplitude and phase.

It can be seen from Egs. (2) that stimulated Raman atomic-molecular conversion in the
condensate is significantly nonlinear in the amplitudes of both material and electromagnetic
fields. Further, we introduce the partlcle number den51t1es n=laf’, N= |b| f1 |cl| fz |cz| and
two polarization components Q=i (aab clcz -aa b01 cz) and R=aab cica + o a bcl C.

Using Eqgs. (2), we arrive at the following set of nonlinear differential equations

=280, N=-g0, /=80, f,=-20 4)
O = AR +2gn|(4N =n)f, f, + Nn(f, = £,)} 5)
R=-40, (6)

where A=2wy—{+w,—w; is the resonance detuning. Using conditions (2), we can write the
initial condition for the particle number densities

2 2
=0 > N|r:0 = > f1|t:0 = flo :|C10
and the expressions for the polarization components

Q|,:O =0, =2ny\| Ny fi0.f2 5in6,, RL:O =Ry =2n,\[N, 11y /2 cos O, (8)

O=wo-2tyr0-Wi0  — )

()

2
> f2|t:0 = f2 =|c20

W= =l

where
is the initial phase difference.

Solving the set of equations (4) - (6) under conditions (7) and (8), we obtain three inde-
pendent integrals of motion for the number densities of particles

n+2N=n,+2N,, fi,+N=f,+N,, f,-N=f,,—N, (10)
as well as the expressions for functions R and Q
A
RZE(N_N0)+2”0\/N0f10f20 cos O, (11)

2

Q2 =—|:é(N—NO)—2n0\/N0f10f20 COS@()} +
4

+4N(ny +2N, =2N ) (N, + f1o = NN foo =Ny, + N).
Using further the equation N =—gQ from set (4) and the expression for O (N) from (12),

we can obtain a formal solution in quadratures for the density of molecules N (¢) in the form of
the hyperelliptic integral

(12)

N(1)

[N -[o(W)]" = +gt. (13)
N,
Analyzing the process of atomic-molecular conversion as the chemical reaction

oaaci<—bc,, iIn which two atoms are combined into a molecule and which involves two Raman
photons ¢; and ¢, we will be interested in the concentration N(¢) of the molecules formed in this
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case as a function of time for various values of the densities of initial reaction components and
other parameters of the system. In this case, the time variation of other system components
(n, f1, f2) can be determined using integrals of motion (10). This reaction can proceed in both
directions and can be self-stimulating, periodic, or aperiodic in time.

Let us analyze the time evolution of the system under exact resonance (A4=0), when the
difference /(2 wy-£2) between the energies of the diatomic and the molecular states is exactly
equal to the difference 7(@,-@;) of the two photons. Using expression (12), the time-evolution
equation for molecules in this case can be written in the form

2
[d_Nj “W(N)=E,, (14)
dt
where
| 2
W:_16N(No+3”0_N) (N0+f10_N)(fzo_No+N)> (15)
E, =_4n§Nof10f2o cos’ O,. (16)

Expression (14) can be treated as the equation describing the oscillations of a nonlinear
oscillator, where (dN/dr)* plays the role of the kinetic energy of the oscillator, while # (V) and
Ey are the potential and total energy, respectively. It can be seen from relation (16) that the total
energy Ey of the oscillator is zero if the density of one of the components of the system is equal
to zero at the initial instant. The effect of the initial phase difference @, on the evolution of the
system vanishes in this case. An important feature of (14) is that the evolution of the system is
impossible if atoms are absent (79=0) at the initial instant; i.e., the system remains at rest even if
the quantities of the remaining three components differ from zero for /=0. This means that the
dissociation of molecules into atoms is impossible for ny=0. If, however, we assume that one of
three other quantities (N, f1o or f20) is zero at =0, the evolution of the system takes place (i.e.,
the densities of all particles vary with time). It can also be easily seen that if any of two densities
are zero at the initial instant, the evolution of the system is also impossible. It follows from
Hamiltonian (1) that it is due to complex inducting of the process.

3. Preliminary qualitative conclusions

The behavior of the N (7) function can be explained qualitatively if we analyze the de-
pendence of the potential energy of a nonlinear oscillator for various relations between the
parameters. For zero total energy (£,=0), the time variation of function N(?) is possible in the
domain of values of this function, where W(N)<0. Figure 2 shows the potential energy curves
W(N) for various relations between the initial number densities of particles. Each potential
energy curve corresponds to two types of the time evolution of function N(#), which differ in the

sign of the derivative dN/ a:’t|t:0 = N, at the initial instant for the same value of density N, of
molecules at this instant. In turn, the sign of is determined by the sign of quantity QL: , =0, or

by the sign of function sin @, (this follows from the equation N = —gQ and the expression for

0Oy from (8). Thus, the initial phase difference is a substantial control parameter of the system.
The time evolution of the system and, in particular, the direction of this evolution beginning
from instant /=0 depend on the degree of readiness of the system at the initial instant (i.e., by the
initial phase difference ;). Consequently, the same value of the initial density Ny of the
molecules may correspond to two values of N, o » Which differ only in sign (+ N, ,) for values of
O equal, for example, to +7/2 and —7/2.

The curves depicted in Fig. 2 show that the oscillatory mode of the evolution of function
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N (¢) for @y=+tn/2 is possible only provided that f10=0, including the case fi0<n(/2. For any other
relations between parameters ng, Ny, fio and foo only aperiodic regimes of time evolution take
place. It can be seen from Figs. 2a and 2b that aperiodic regimes of evolution are observed for
f20>No and f10>no/2; for Np>0, the density of molecules increases with time and asymptotically
tends to a value of Nyt+ny/2. If, however, Ny<0, the density of molecules first decreases to zero,
after which it increases and again tends asymptotically to a value of Nyt+ny/2. For f,0>Ny and
f10<no/2, the oscillatory mode of evolution of the molecular density takes place, the value of N (7)
varying from zero to Notf1o for £20>No (Fig. 2¢) and from No—f20 to Notfio for f20<Ny (Fig. 21). In
this case, two oscillatory modes for each of the W (V) curves can emerge depending on the sign
of Ny, the oscillation period being independent of the sign of Ny. For f,0=Ny and f;p>n0/2, evo-
lution is aperiodic; in this case, function N (f) increases monotonically with time from Ny to
Notno/2 for No>0 and decreases monotonically from Ny to zero for No<O (Figs. 2d, 2f). If,
however, f10<ny/2, the density of molecules first increases, attains its maximum value Nyt+fjo,
and then monotonically decreases to zero for Ny>0 or monotonically decreases from N, to zero
for Ny<O (Fig. 2f). For f£,0<Ny and fi0>n¢/2, the density of molecules increases monotonically
from Ny to Notng/2 for No>0 or first decreases from Ny to Ny—f»0 and then increases, asymp-
totically approaching Not+no/2 for Ny<O (Figs. 2g, 2h). If, however, fio<no/2, the oscillatory
evolution mode takes place and function N(7) oscillates between Ny—f, and Notfio (see Fig. 21).

only molecules
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Fig. 2: Curves describing the potential energy W(N) for ©y=r/2 and for various relations between
parameters f1o, 0, No Ho: @, b, C: fr0>No; d, e, i L6=No; g, h, 1: Ho<No; a, d, g: fic>ne/2; b, e, h: fi=ny/2; ¢,
f, i: fi0<no/2. The total energy E, of the oscillator is zero for &y==/2 and is negative for &y#n/2. Dotted
line shows maximal value of a total energy E,, according to ®y=0. The scales of various figures are
different. The dagger designates an initial condition.
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[43

Fig. 3: Time evolution of normalized density of molecules N(t) depending on: (a, b, ¢) the initial
density of molecules No; (d) the initial phase difference @, at initial densities of photons of the first and
second pulses fi=f2=2 in the approximation fj, f20 >>ny, Ny . The initial phase difference @, are: (a) 7/2;
(b) 0; (c) w/6.

It follows from expressions (14)-(16) that the total energy £y monotonically decreases
with increasing difference from @y=+x/2 for the initial phase difference —n/2<@y<z/2 and at-
tains its minimal value for ®y=0 (Oy==kr, k=0, 1, 2, ...). The straight line E£,<0 passing below
the zeroth level of the potential energy crosses all the curves corresponding to function W(N)<0.
Two turning points corresponding to N=Npi, and N=N,.x are formed, between which function
N(?) varies. In this case (@y=+n/2), all aperiodic regimes represented in Fig. 2 are transformed
into periodic regimes, the amplitude of oscillations being the smallest for @y=0 (or + kr) for all
relations between parameters Ny, no, fio and f5. It should be noted that a special oscillatory
mode is possible for ®y=2kr; the amplitude of this mode decreases monotonically upon a
change in the initial number densities of particles and is equal to zero for a certain ratio of these
quantities. This means that, for a certain choice of the initial state, the system is at rest with
nonzero number densities of particles.

4. Different approximations
4.1. Approximation of a preset density of photons of incident pulses

Let us consider solutions in the approximation of a preset density of photons in both
pulses: fi0, f20>>n0, No. This approximation corresponds to the situation depicted in Fig. 2a for

274



P.I. Khadzhi, D.V. Tkachenko

Oy=+n/2. For density N(¢) of molecules at @®y==x/2, the solution has the form

N:(N +&j' \/N_Oim'th(zg\/flofzo(]vo +7’lo/2)t) ’ a7
0 2 mi\/N_O'th(zg\/flofzo(No +n0/2)t) >

the plus and minus signs correspond to the initial conditions Ny>0 (@y=—n/2)and Ny<O0
(©Gy=*n/2) (Fig. 3a). It follows from expression (17) that, in the long-time limit

(g\/ fio fZO(N0 +n, /2)t >> 1), the density of molecules asymptotically tends to the value

N=Ny+no/2. This means that, in the long run, all atoms are combined into molecules. The so-
lution with the plus sign increases with time monotonically, the growth rate being the higher,
the larger the number densities £}, /20, No and ny (Fig. 3a). The solution with the minus sign first
decreases, attains zero at the instant

t =1, = arthly N, [N, + 1, /2) )/ 2 Fro Fro Vs +714/2)), (18)

then begins to increase, and asymptotically approaches the value N=Ny+n(/2 as in the case with
the plus sign (Fig. 3a). Thus, over long periods of time, both solutions asymptotically approach
the same value N=Ny+ny/2 of the density of molecules. All atoms available in the system are
bound into molecules, thus completing the process of evolution. The reverse reaction accom-
panied by the decomposition of molecules does not take place. Thus, we can state that, in this
approximation, the reaction of binding of all atoms into molecules is aperiodic for @y==*xr/2,
although the solution with the minus sign describes the reaction of rapid dissociation of all
molecules at the initial stage, followed by their recovery and generation of an additional
number of molecules due to binding of the initial atoms.

The evolution of the system in this approximation fio, 20 >> no, Ny, but for the initial
phase difference ©y=0, = (£kx, k=0, 1, 2, ...) is considerably different. It can be seen from ex-
pression (16) that the total energy in this case is Ey=—4ny Ny f10 f20, while the potential energy is
W(N)Y=—16 fi0 50 N (Notno/2—N)".

It should be noted that, for @y==*kr (k=0, 1, 2...), the solutions with the plus and minus

signs coincide. It can be seen from formulas (8) that Qy(kz)=0 and, hence, N ‘H) =0. In other

words, the two solutions coincide due to the fact that one of the roots of the equation W(N)=E)
coincides with the initial value N=N,. Since this root lies on one of the slopes of the potential
energy profile, further evolution of function N(f) immediately after the initial instant occurs in
only one direction either with an increase or a decrease in the value of N(7) with time.

Depending on the relation between the initial number densities Ny and ny, different solu-
tions exist. For np<4 Ny, the solution for the density N(¢) of molecules is an oscillating function
of time (Fig. 3b),

en’ (2gFiofou (N, =N 1) (19)
dnz(zg\/ﬁofzo(N+ _N*)t),

N=N_+(N,-N_)-

where N, and N- are defined by the formulas

N, = (N, +ny £ N, (N, +2n,))/2. (20)

Here and below, snx, cnx and dnx are the Jacobi elliptic functions [61, 62] with modulus £.
The modulus of the elliptic functions in expression (19) is defined as

k* =Ny =N_)/(N. =N_). 1)
The period of molecular density oscillations is defined by the formula
7= K(k)f g\ Fu fu (V. = N0), (22)

where K(k) is a total first-order elliptic integral [61, 62] with modulus £.
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For ny>4 Ny, the solution has the form

N:No+(N7_No)sn2(2g\/flofzo(N+_No)t)a (23)
where modulus k of an elliptic function and the period of oscillations 7" are given by
k= (Nf _No)/(N+ _No): T= K(k)/(g\/flofzo(N+ _No))’ (24)

while quantities N: are defined by formula (20) as before. It can be seen from relations (24) and
Fig. 3b that the period of oscillations decreases upon an increase in the number densities Ny of
molecules and in densities fi¢ and f>¢ of photons.

Finally, for ny=4 Ny, the solution has the form

N=N,. (25)

It follows hence that, in the limit of preset number densities of photons in both pulses, the
system is at rest provided that ny=4 N, at the initial instant (Fig. 3b). This means that the
processes of binding of atoms into molecules or dissociation of molecules do not take place.

Amplitude 4 of oscillations of function N (7) for ©y=+kx is defined by the formula

A=|Ny =, + N, (Vg +2n,)| /2, (26)

which implies that the amplitude of oscillations for &,=0 (+kr) first monotonically decreases
upon an increase in parameter ny/Ny, becomes zero for ny/Ny=4, and then increases almost
linearly.

Figure 3b illustrates the time evolution of the density of molecules in these cases. It can
be seen that the density of molecules oscillates with time between No<N<N_ for np>4 N, as well
as in the interval N-<N<N, for np<4 Ny, and does not vary with time along straight line. The
period T of oscillations decreases monotonically in this case upon an increase in the ratio Ny/ny

andisequalto T = 7[/ (2 g+3N, 110 ) for ny=4 Ny. An increase in the photon number densities

/10 and f>o in both pulses also leads to a monotonic decrease in the period of oscillations.

It should be noted once again that formulas (19), (23) and (25), as well as Fig. 3b, imply
that the amplitude of oscillations of the density of molecules continuously decreases upon a
gradual increase in the density ny of atoms at the initial instant beginning from the state when
no<4 Ny and vanishes for np=4 N,. Analogously, beginning from the state when ny>4 N, a
gradual decrease in the initial density 7, of atoms leads to a monotonic decrease in the ampli-
tude of oscillations, which again becomes zero for ng=4 N,. In this case, the period of oscilla-
tions also varies monotonically. The effect of vanishing of the amplitude of oscillations of
molecules upon a change in the initial density of atoms (or molecules) is interesting in that
system does not oscillate (is at rest), although the number densities Ny, no, f10, f20 of all particles
differ from zero at the initial instant and the number densities of atoms and molecules satisfy
the relation ny=4 Ny. Apparently, we can state that the system is balanced in this case so that
precisely the resultant conversion of particles is absent, although the conversions of each spe-
cies of particles may take place (e.g., two atoms can combine into a molecule and a molecule
can decompose into two atoms simultaneously). The general relation between the number
densities of atoms, molecules, and photons in both pulses is preserved in time. It follows from
analysis of the expressions for the potential and total energies of the oscillator that this effect
takes place only for the initial phase difference @y=+kx (k=0, 1, 2, ...). It turns out that only in
this case the total energy E, of the oscillator is exactly equal to the potential energy minimum.
Consequently, at the initial instant, the oscillator is in equilibrium at the bottom of the potential
well and has zero initial velocity. Consequently, it cannot move from the equilibrium position
and, hence, the oscillator (i.e., the density of molecules) does not oscillate.

For arbitrary values of the initial phase difference @), the dynamics of the
atomic-molecular conversion (in particular, the amplitude and frequency of oscillations of the
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density of molecules) is determined by quantity &, to a considerable extent. The critical values
of the density of molecules can be determined from the solutions of the cubic equation

N3-2 N2 (No+no/2)+N (No+no/2)*-(1/4)n> Ny cos® @y=0, (27)
which can be derived from the condition W(N)=E, in the approximation of a preset density of
photons in both pulses (f10, /20 >> no, No). In exact resonance (4=0), the total energy Ey of a
nonlinear oscillator is a function of @y E, = —4n; N, f,, f>, cos’ @, , while the potential energy

W(N) is independent of ©@y. Analysis of cubic equation (27) shows that in the entire range of
parameters Ny, np and @ it has three real positive roots, two of which (Npin and Np,x) determine
the amplitude Nyax—Nmin 0f oscillations of function N(7). The third root N, is always positive
and N;>Nmax>Nmin. The initial value Ny of the density of molecules lies between Npin and Nyax.
As the value of @ increases from zero to 7/2, the level of total energy E is gradually displaced
upwards, approaching zero when @y=r/2. This leads to a change in the coordinates of points of
intersection of straight line £, with the cubic parabola W(N). The value of the root Ny, in-
creases with @y, while the roots N; and Nmn. decrease in value so that Np,=0 and
N1=Nmax=Notno/2 for @y=n/2. If ny=4 Ny, the r00ts Nyin and Npyax coincide and are equal to N
for ©y=0, while N;=4N,; for @y=n/2, the roots N; and N, coincide and are equal to 3Ny, while
Nmin=0. It should be noted that the roots Nyax and Ny for @y==kz (k=0, 1, 2, ...) are equal to N,
and N_, respectively (see formula (20)). In the general case, the above three roots are defined as

N,/N, =§(2+x)-(1+cos%j, N, /N, :§(2+x)-(l+cosa_2”j,

2
27—x3cos2 @, x=-2
(2+X) N()
Function N(¢) oscillated in the limits Npin<N<Nmax so that amplitude of oscillations
(Fig. 4a) is defined by formula

A=(Ny/3)- 2+ x)- sin(a/3) (29)

The solution to the equation for N(¢) in this case has the form

cnu-dnui\/N"’w‘ —Ny N =N,

28
a+2rx (28)

Nmm/NO:%(2+x)-(1+cos J, cosa =—1+

Snu
NO_Nmin Nl_Nmin
l_NO_Nmin 2 ’

Snu
Nl_Nmin

N:Nmin_l—(NO_Nmin)'

(30)

where the variable u, the modulus & of the elliptic functions, and the oscillation period T are
defined by the formulas

u :2g\/f10f20(N1 _Nmin) f, k*? :(Nmax _Nmin)/(Nl _Nmin)’
7= K0 (g hiatar (V= No))

Solutions with the plus and minus signs correspond to the initial conditions Ny>0 and
Np<0. It can be seen from solution (30) that atomic-molecular conversion is a periodic process
(Figs. 3c, 3d). The period T of oscillations (Fig. 4b), as well as the maximal (Npnax) and the
minimal (Nni,) number densities of molecules, depends, to a considerable extent, on the initial
values of number densities fi¢, f20, Ny and ny, as well as on the phase difference &@. Assuming
that the initial number densities of particles are unchanged and varying only the initial phase
difference @y, we can control both the oscillation period and the values of Npin, and Ny (i.€.,
the amplitude of oscillations of the density of molecules).

(1)
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Fig. 4: Dependence of the normalized amplitude of oscillations of the molecule density 4 (a) and
their period T (b) on the normalized density of molecules N, and the initial phase difference @, in the
approximation fj, 0 >>ny, No.

Fig. 5: Time evolution of normalized density of molecules N(t) depending on: (a) the initial
density of molecules N, at f1,=0.1; (b) the initial density of photons of the first pulse f;o at Ny=0.1 in
approximation f>0>>ny, Ny, f10. The initial phase difference is ©y=nr/2; the normalized density of photons
of the second pulse is f£0=2.

4.2. Approximation of a preset density of second-pulse photons

The solutions can also be obtained in the limit of a preset density of photons in each pulse
separately. Let us first consider the evolution of the system in the approximation of a preset
density of second-pulse photons (0 >> no, No, fi0) for the initial phase difference
Ov=—=2k+1)/2 (k=0, 1, 2,...). It follows from formula (12) that three types of solutions exist in
this approximation depending on the relation between the parameters f1 and n.

For f10<n¢/2, the solution to the equation for the density N(7) of the molecules has the form

N=(Ny+ f) Sinz(zg‘/fZO(NO+n0/2)(”0/2_f10)tic)

NO 10 2
I—W-cos (g Foo Ny + 10 /2)y /2= f10) 1 £C)

: (32)

where
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C:arcrg\/(No/flo)("o/z_fw)/(no/2+No)- (33)

Figure 5 (a, b) describes the oscillatory mode of the time evolution of the density of
molecules in this case. The solutions with the plus and minus signs in the arguments of the
trigonometric functions correspond to the conditions @y=%(2k+1)n/2. It can be seen that the
density of molecules oscillates with a phase shift, which is determined by the initial number
densities of particles. The period of these oscillations is defined by the formula

T= 72'/(2g\/f20(N0 +”0/2)("0/2_f10))- (34)

r n5u-a§ BE
204 0@
1w, 051 [ IF 0
| | |
| | |
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|
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|”0/2|:f10
0 i | L |
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Fig. 6: The period of oscillations of molecule density depending on initial density of photons of
the first pulse fjo at various values of the initial density of atoms #,.

As the value of fjo increases from zero to ny/2, the oscillation period monotonically in-
creases, turning to infinity for f1o=no¢/2 (Figs. 5, 6). However, the oscillation period decreases
monotonically upon an increase in parameters f5, No and ny (Fig. 5a).

For fi0=no/2, we obtain
WV, 28T fon o+ f)f 55)
Sio (\/N_oi Zg\/flofzo (No + flo)t)2

The solution with the plus sign monotonically increases with time from the value N=N, at
=0, asymptotically approaching the density Ny+fio for large values of 7 (Fig. 5b). The solution
with the minus sign first decreases from N, to the minimal value N=0 at /=t;,, where

ty :\/N_o/(Zg\/flofzo (No +f10))’ (36)

after which it begins to increase and asymptotically tends to the value Nytfio like the solution
with the plus sign (Fig. 3b). Thus, over long time periods, all atoms are bound into molecules,
thus completing the evolution of the system.

For fio>no/2, the evolution of the system is also aperiodic. The density of molecules is
expressed by the formula

N:(No+f10)'

Shz(Zg\/fzo(No +n0/2)(f10 —n0/2)tiD)

Chz(zg\/fzo(No +”0/2)(f10 _”o/z)tiD)_W’

N=(N0+n0/2)'

(37)

where

D=arth\/(N0/f]0)(f10—nO/Z)/(NO-i-nO/Z). (38)
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The solution with the plus sign monotonically increases with time from Ny to Ny+ny/2
(Fig. 5a). The solution with the minus sign first decreases, attains its minimal value N=0 for /=,
which is defined by the expression

28+ fa0(No + 1 /2N g =1 /2)1, = D, (39)

and then increases and asymptotically tends to the value Ny+ny/2 for large values of ¢. Thus, it
can be seen that the evolution of the system is aperiodic in time and is completed when all
atoms are converted into molecules. The reverse process (i.e., dissociation of molecules) does
not occur.

If we assume that the system did not contain molecules (Ny=0) at the initial instant,
formulas (32) and (34) are substantially simplified and assume the form

N=Ff,- Sinz(g\/”ofzo(no—2ﬁ0)t)
10 1—(2ﬁ0/no)sin2(g\/n0f20(n0 _2f10)t)’
T:ﬂ/(g\/nofzo(no_2flo))- (41)

It can be seen that the density of molecules for fig<ny/2 varies periodically with period T
and amplitude f. Since f10<no/2, all photons with frequency w; completely disappear over a
period. If f1p<ny/2, we have

(40)

N = f, sinz(gno\/f_zot). (42)

In this simplest case, period 7y of oscillations is defined as

T, = ﬂ/(gnm/f_zo) (43)

It should be noted that formula (37) leads to formula (17) in the approximation (f;o, fo0 >>
no, N()).

4.3. Approximation of a preset density of first-pulse photons

Let us now consider the evolution of the system in the approximation of a preset density
of first-pulse photons f1o >> ny, Ny, fo for the initial phase difference @y==+(2k+1)7/2 (k=0, 1,
2, ...). In this approximation, three types of solutions also exist depending on the relation be-
tween parameters f»o and N0. It should be noted that, in accordance with expression (12) and the
qualitative results depicted in Fig. 2, the evolution of the system in this approximation is ape-
riodic for any relations between parameters f29, Ny and ny. To be more precise, for all three types
of solutions, the evolution of the system boils down to aperiodic binding of all atoms into
molecules. True, for Ny=f2, the evolution involving the dissociation of all molecules into atoms
is possible for the initial condition Ny<O0 (Figs. 7a, 7b).

Let us briefly consider the above solutions. For f5,0>N,, we have

N =(fu-N.). (2N, + 1, ) th*(g\[F1g@N, + 1, N2 foy +110) 1 £ P)
(2 41y~ (2N, 41y ) ih* @10 @N + 1o N2 Sy 411y )1 £ P)

(44)

where

P= a’"th\/(No/fzo)(zfzo +”0)/(2N0 "'”0)- (45)

It can easily be seen that expression (44) can be transformed to (17) in the limit f,0>>N.

It follows from (44) that the solution with the plus sign monotonically increases with time
from N=N, at =0 and asymptotically approaches a limiting density Ny+n¢/2. The solution with
the minus sign first decreases, attains its minimal value N=0 at instant /=t;, and then increases,
asymptotically approaching the value N=Ny+ny/2 (Fig. 7b). In this case, the value of 7, is de-
fined by the formula
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g\/flo(zNo'i'no)(Zfzo"'no)to:P~ (46)
Thus, both solutions (with the plus and minus signs) for large values of time assume the
same limiting value of the density of molecules.
For f,0<N,, we obtain

No_fzo

N= 2f,+n, ’ 47
o (g Fo@Ny + 12 fog +110) 1 £S)
where
S = arth\/(fzo/No)(ZNo +no)/(2f20 +”o)- (43)

Solution (47) exhibits a behavior qualitatively similar to that of solution (44)
(Figs. 7a, 7b); however, the solution with the minus sign attains a nonzero minimal value of the
molecular density, which is equal to Ny—f at instant =ty (Figs. 7a, 7b), where

g\/ﬁo(2N0+no)(2fzo+no)to=S' (49)

In this case, the evolution is also completed when all atoms are bound into molecules.
Finally, for f,0=Ny, we obtain

0

N=(N, +n, /2%(1 + 2’;\0[ explt 2g(2N, +1,) flot)j. (50)

Fig. 7: Time evolution of normalized density of molecules N(t) depending on: (a) the initial
density of molecules N at f10=2, 20=0.3; (b) the initial density of photons of the second pulse f5 at f1¢=2,
No=0.4 in approximation f,p>>ny, Ny, f>0. The initial phase difference is @y=x/2.

This formula is the limiting case of expressions (44) and (47) for f20=Ny. Hence, it follows
that the solution with the plus (minus) sign monotonically decreases (increases), asymptotically
approaching zero (the value Ny+no/2) (Figs. 7a, 7b).

Thus, the solutions obtained in the approximation of a preset density of first-pulse pho-
tons for @y=+(2k+1)7/2 indicate that the evolution of the system is an aperiodic process of
conversion of all atoms into molecules (or dissociation of all molecules for f,0=Ny).

4.4. Approximation of a preset density of atoms
Let us now consider the approximation of a preset density of atoms rny >> fo, f20, No for

the initial phase difference @y==+(2k+1)n/2 (k=0, 1, 2,...). This approximation corresponds to the
qualitative results represented in Fig. 2 (c, f, 1). Detailed behavior of function N(¢) is determined

281



Moldavian Journal of the Physical Sciences, Vol.7, N3, 2008

by the relation between number densities Ny and f». For £,0<Nj, the solution to the equation for
N(?) has the form

2

/:
1 —]\;0~sn2(gnm/N0 + fmt)
N=N,- - ; , (51)
dn(gno,/NO +f10t)i W -sn(gnm/No +f10t)-cn(gno,/N0 +f10t)
0 0 10
where the period T of oscillations and modulus & of elliptic functions are defined by the for-
mulas

T:2K(k)/(gn0\/N0 + fio ): K :(flo +f20)/(N0 +f10)' (52)

For f,0>Ny, the solution has the form
2

C”(gno\/flo "'fzot)i N(];O]:Z_Of) 'Sn(gno\/flo +fzot)'dn(gno\/f10 +f20t)

N=N,- 7 . (33
1- = 'Snz(gno\/flo"'fzot)
ﬁO + f20
where
T= 2K(k)/(gnwf10 + /a0 ): k= (No + /o )/(flo + fzo)- (54)
If, however, Ny=f», the solution has the simple form
e No . (55)

[ch(gnm/No +fml)i ,Nf-:-of 'sh(gnm/No +flot)J

It can be seen from the above solutions that the density of molecules for Ny#fy oscillates
with time (Figs. 8b, 8c). For f2,0<MNy, the density N(#) of molecules varies from Ny—f20 to No+tfio.
With increasing f», the minimal (background) density of molecules decreases, while the period
of oscillations increases (Fig. 8c). For f,0=Ny, the background density of molecules becomes
zero (Figs. 8b, 8c). The density of molecules in this case monotonically tends to zero under the
initial conditions Ny>0; for Ny<0, it first increases, attains its maximal value equal to Ny+fjo at

instant  =¢, = arth(w/ fro/ iNO + 1o ))/ (gnm/iNO + 1o )) and then monotonically decreases, so

that both solutions (with the plus and minus signs) vanish over long time periods. For f20>No,
the density of molecules oscillates from zero to Nytfo (Figs. 8b, 8c). As regards the period of
oscillations, it increases with the ratio f>0/no, turns to infinity for £,0=Ny, and then monotonically
decreases (Fig. 9).

Let us now consider the evolution of the system for the initial phase difference @y=*kx
(=0, 1, 2, ...). In this case, the potential energy W(N) and total energy E, of a nonlinear oscil-
lator are defined as

W(N)= —4n§N(N0 + fio _N)'(fzo —N0+N), E, = _4”§Nof10f20-

The turning points of a classical trajectory can be determined solving the cubic equation
W(N)=E),. One of the roots of this equation is the initial value N=N, of the molecular density.
Two other roots of the cubic equations are expressed by the formulas

Ni:%(No"'fw_fzoi\/(No"'fw_f20)2+4f10f20j' (56)

Root N- is negative, while the value of N; determines the upper or lower limit of oscil-

lations of the molecular density. If parameters Ny, no, f1o and fo9 are such that £0<f10*f10 f20/No,
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then N;>Nj. In this case, function N(7) oscillates (Figs. 8a, 8d) in the interval Ny<N<N,. The
solution of the equation for N(7) in this case has the form

N=N_+(N, - N ) dn*(gn, N, =N 1). (57)

Modulus % of the elliptic function and period 7 of oscillations are defined by the formulas

K =(N, =N (N, =N_), T =2K(k)(gn,[N. = N_). (58)

Fig. 8: Time evolution of normalized density of molecules N(r) depending on: (a, b) the initial
density of molecules N, at f10=£20=0.15; (c¢) the initial density of photons of the second pulse f3 at f10=0.1;
(d, e, 1) the initial density of photons of the first pulse fio at £0=0.1 in the approximation ny>>fi, f20, No.
The initial phase difference @, are: (a, d) 0; (b, c, ) 7/2; (e) n/6.
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Fig. 9: Dependence of normalized period of oscillations 7 on: (a) relative density of photons of
the second pulse f50/N, for case @y=x/2 at various values of relative density of molecules Ny/ny: 0.03 (1),
0.07 (2), 0.1 (3); (b) the initial phase difference ©, at various values of relative density of molecules
No/ng: 0.1 (1), 0.14 (2), 0.2 (3), 0.3 (4) in the approximation #y>>f¢, f>0, No.

It should be noted that formulas (56)- (58) are also valid for fo=f5. If, however, these
parameters satisfy the inverse inequality £0>f10t/10 f20/No, it turns out that N.<N,. In this case,
the solution has the form

N =N, +(N, =N, )-sn*(gn [Ny, = N_1), (59)
K =(Ny =N (N, ~N_), T=2K(k)/(gn, /N, ~N_). (60)

Finally, for f20=f101f10 f20/No, it turns out that N,=Ny; in this case, the solution has a simple
form,

where

N=N,, (61)
i.e., the system is at rest (Figs. 8a, 8d). The same result also follows from expressions (57) and
(59) in the limit N;=N,. In this case, the amplitude oscillations is defined by the formula

A:No_flo+f10_\/(No+f10_f20)2+4f10f20./2- (62)

These solutions imply that the forms of evolution of the system under initial conditions
©y=0, = and @y=+n/2 are substantially different. It is interesting to consider the solution N=N,,
when the system prepared in a certain way does not evolve in time (Figs. 8a, 8d).

Analyzing the general case of the initial condition for the phase difference ©,, i.e., as-
suming that @tk and OFE2k+1)n/2 (k=0, 1, 2,...), we arrive at expressions (15) and (16) for
potential energy W(N)and total energy Ey. The condition W=E, leads to the cubic equation

N3-N? 2Notfio-f0)+N (Notfio) (No-fao)+No fio foo cos>@y=0, (63)
which has three real roots Npma>Nmin>0>N-. Root N- is always negative. Roots Npax and Npyin
define the maximal and minimal values of function N(¢) in the course of evolution (these values
are such that N,in<No<Nmax). For fixed values of parameters Ny, no, fio and f5, the variation of
O, from zero to 7/2 leads to a substantial change in all three roots. As the value of & increases
from zero to /2, root Nyax monotonically increases, approaching the value Nytfo at @y=n/2.
On the contrary, root Ny, decreases with increasing @y=n/2 so that it becomes equal to Ny—f2
for No>fp or zero for Ny<f5y for @y=n/2. Remaining negative, root N- decreases in magnitude to
zero for Ny> f>0 upon an increase in @, or approaches the value Ny—f»o for No<f29. For @y==*kr
(=0, 1, 2, ...), root N- coincides with expression (56) for N-, while the values of Npax and Nyin
coincide with N, from (56) and N,.
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The evolution mode in this case is oscillatory (Fig. 10). The solution for function N (¢) has

the form
2

I_NO_Nmin Sl’lzlxl

N,-N_
dnu+ (NO_NminXNmax_NO)
- (NO_foNmax_Nf)

where variable u, modulus &, and oscillation period 7 are defined by the formulas

u=gno [Ny ~N_ 1, k> =(Ny =N, (N = N ), T = 2K(k ) gny [N, —N_ ). (65)

Fig. 9b shows the curves for the normalized oscillation period 7/7 as a function of the
initial phase difference @ for various initial values of concentration Ny/ny. It can be seen that
the oscillation period increases with the initial phase difference and decreases upon an increase
in the density of molecules.

N=N_+(N,-N_)- (64)

-Snu - cnu

N
0.1

& s

Fig. 10: Time evolution of normalized density of molecules N(r) depending on the initial phase
difference @, at initial densities of photons of the first and second pulses f1¢=f2=0.1 in the approxima-
tion l’l()>>ﬁ0,ﬁ(), N().

4.5. Approximation of a preset density of molecules

Let us briefly consider the results obtained in the approximation of a preset density of
molecules No>>f1, f20, 1o for the initial phase difference @y=+r/2. If f19<ny/2, the evolution of
the molecular density is described by the formula

N =N, +(f10 = )Sinz(gnO\/N_ot)i\jflofzo COS(2gn0\/N_ot)- (66)

If fi10=n¢/2, we obtain

N:No_l_f*lo_ .f10+f20 (67)

1+(Vf20/f10 i2g(f10 +f20)\/N_0t)2 |

N ny | \/f20+n0/2-thxi S 2
N_NO f20+(f20+ 2} [mi\/f_zo-thx] 4 (68)

x:\/Nofflo(f20+no/2)t' (69)

Finally, f10>n/2, we obtain

where
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Fig. 11: Time evolution of normalized density of molecules N(7) depending on the initial density of
molecules N, at f15=£2=0.1 in the approximation No>>fi, /20, #o. The initial phase difference is @y=nr/2.

Fig. 12: Time evolution of normalized density of molecules N(z) depending on the initial density
of molecules NV, at initial densities of photons of the first and second pulses f10=0.08, 50=0.07 in the
approximation ng, No>f10, /0. The initial phase difference ©, are: (a) 0, (b) 7/2.

T

Fig. 13: Time evolution of normalized density of molecules N(r) depending on the resonance
detuning J=A4/g at initial densities of photons of the first and second pulses f;=0.08, £,,=0.07 in the
approximation ny, No>fi0, /0. The initial phase difference is @y=n/2.
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Fig. 14: Normalized amplitude of the molecule density 4 depending on the normalized resonance
detuning 0=4/g and the initial phase difference @, in the approximation n,, No>>f10, f20.

Hence, it follows that the density of molecules for fip<n/2 oscillates in time (Fig. 11),
varying in the limits Ny—f20<N<Nytf1, while for f;0>n(/2, the molecular density monotonically
increases from the value Ny to Nyt+ny/2 at @y=—n/2 or first decreases, attains its minimal value
No—f20, and then increases, asymptotically approaching the value Ny+ny/2 for Oy=r/2 (Fig. 11).
It should be noted that, under the initial condition @y=+(2k+1)7/2 (k=0, 1, 2,...), the oscillatory
mode of evolution of the number density of molecules with a small amplitude is observed for
any relation between number densities f;p and ny. In the approximation of the preset density of
molecules the oscillation amplitude is approximately equal to fi¢+£20, which is much lower than
Ny. For this reason, the evolution of the density of molecules in this approximation has the form
of small amplitude oscillations against the background of a high initial density Nj.

4.6. Approximation of a preset density of atoms and molecules

The simplest solutions of the problem can be obtained in the approximation of a preset
density of atoms and molecules: ny, Ny >> fi0, f20. Since the problem becomes linear in this
approximation, it is convenient to simultaneously take into account the effect of resonance
detuning 4 and the initial phase difference @, on the system dynamics. Using Eq.(12), we can
easily derive the following expression for the density N(#) of molecules

N =N, +%(x+ +X_)—%(X+ +x_)‘sin(i1/A2 +4g°n;N, t+C), (70)

— 1 A'\/flofzo
X, = > Jro—Jfro t——F==-cos®,
2(1 A j 4gn,\/N,

+
4g2”gN0

where

(71)

2

A 2

+ ﬁo‘ﬁo"'MCOS@o +4- 1+2A—2 Sror sin” O,
4gn,\|N, N,

The plus and minus signs in the argument of the sine are determined by the initial phase

difference: the minus sign corresponds to 0<@y<z and the plus corresponds to 7<@y<2 7 (with a
period of 27). The solutions with the plus and minus signs are displaced relative to one another by
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C = arcsin((x, +x_)/(x, —x_)) (72)
It can be seen that only the oscillatory mode of evolution exists for any value of the initial

phase difference. Figure 12 presents the time evolution of the density of molecules in the case
when ©y=0 (a) and @y=n/2 (b). The oscillation period

T=2x/\|F# +4g°nN, (73)

is independent of the initial number densities fio and f» of photons and the initial phase dif-
ference 0, while the oscillation amplitude

2
AL/ )

flO_fzo"'Mcos@o +4 1+2A72 'ﬁofzo'sinzgo
4gny|N, 4g°nyN,

2
2-[1+2AZJ
4g°n;N,

is determined to a considerable extent by these parameters. This makes it possible to control the
dynamics of the system using the initial phase difference @, and resonance detuning A
(Figs. 13, 14). The oscillations of the molecular density have the form of fine ripples over the
huge background density Nj. It can be seen from Fig. 14 that the oscillation amplitude 4 has the
form resembling the Lorentzian surface depending on resonance detuning 4 and is a periodic
function of the initial phase difference @,. The oscillation period 7 monotonically decreases
upon an increase in resonance detuning 4; an increase in the initial number densities 7, of atoms
and Ny of molecules leads to a decrease in the oscillation period.

(74)

5. Conclusions

The results described above show that the time evolution of the density of atoms, mole-
cules, and photons in the course of stimulated atomic-molecular Raman conversion is deter-
mined by the initial number densities Ny, no, fio and f2o of the particles and by the initial phase
difference @,. For ©@=+(2k+1)x/2 (k=0, 1, 2,...), the density of molecules varies with time both
aperiodically and periodically, while for G#+(2k+1)7/2, the processes of formation and dis-
sociation of molecules can only be periodic. The incident pulses of coherent laser radiation are
periodically enhanced or suppressed. By varying the initial phase difference @, for fixed values
of the initial number densities of particles, we can perform phase control of induced Raman
atomic-molecular conversion.

The results also show that Bose stimulation of chemical dynamics (binding of
Bose-condensate atoms into molecules) is an extremely important circumstance. Collective
oscillations of the number densities of atoms and molecules indicate coherence of the system.
In a Bose condensate, the chemical conversion considered above is stimulated owing to mac-
roscopic filling of not only the initial atomic system, but also of the final molecular state of a
chemical reaction. This feature substantially differs from conventional chemical kinetics, in
which the rate of a chemical reaction does not depend on the number of particles in the reaction
product and tends to zero at low temperatures in accordance with the Arrhenius law. Raman
atomic-molecular conversion in a thermodynamically equilibrium system of atoms at 7=0
cannot lead to collective oscillations of this type since the phases of individual
atomic-molecular processes are random. In this sense, the processes studied here belong to new
chemistry (superchemistry), in which coherent stimulation of chemical reactions takes place.
Stimulated quantum dynamics may replace conventional dynamics at ultralow temperatures,
providing a new type of collective behavior of the system. The strong dependence of chemical
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kinetics on the phase difference indicates the possibility of stabilization of superchemical phase
dynamics. In recent years, the problem of phase control of various nonlinear-optics processes
has acquired special importance and urgency [63-68]. Specific features of Bose-stimulated
chemical dynamics might pave the way for new type of quantum-controlled chemical reactions.

The possibility of the existence of a special evolution mode is predicted, in which the
system is at rest in spite of the fact that the number densities of all particles differ from zero
since the processes of binding of atoms into molecules and of dissociation of molecules are
balanced. This is due to the fact that the total energy of a nonlinear oscillator coincides with the
minimum of its potential energy. At the initial instant, the oscillator is at the bottom of the
potential well and its initial velocity is zero; in this case, oscillations or any other movements of
the oscillator are ruled out.

To estimate the numerical values of oscillation frequencies, it is necessary to know the
value of constant g. The values of some parameters for rubidium atoms and molecules are given
in [51]. Comparing Hamiltonian (1) with Hamiltonian (2) from [51] to estimate the value of
constant g, we can obtain the relation g = y/7f, , where constant y /% is approximately equal to

7.6:107 m*?/sec. Assuming that the mean density of photons is f =10"cm’, Op we can estimate
constant g as g~7.6:10'® m”*/sec. We can now calculate the minimal period T, ~ 7/g no\/g .

For the density ne=10" cm’ of atoms, we obtain 7y~4- 164sec, while the oscillation frequency is

found to be approximately 1.5-10% sec'. This result matches the result of numerical experiment

[51]. For my=fy, we obtain an estimate of parameter 7y which was used above
o 321 -4

=(gno”") =1.3-10"sec.
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