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Abstract

We study the interaction between the single-mode electromagnetic field and the pair of
indistinguishable two-level atoms via the intensity-dependent coupling. This problem is
equivalent to the equidistant three-level atom with equal dipole moment matrix transition
elements between the adjacent levels. The exact analytical solution for the atom-field state-
vector is obtained assuming that at the initial moment the field is in the Holstein-Primakoff
SU (1,1) coherent state. The quantum-statistical and squeezing properties of the field are in-
vestigated. The obtained results are compared with those for the single two-level atom. It is
observed that the exact periodicity of the field squeezing that takes place in the case of the
single two-level atom is violated in the case of the pair of cold atoms. In other words, the
exact periodicity of the physical quantities can be destroyed only if the radiation field inter-
acts with a system of more than one two-level atom.

1. Introduction

At present great attention is paid to the cooperative interaction of radiators with quan-
tized electromagnetic field and special attention is paid to the two-atom systems interacting
with radiation field. For example, Tanas and Ficek investigated two-atom entanglement in-
duced by nonclassical two-photon correlations [1]. In this paper it was demonstrated that the
pair of two-level atoms interacting with a squeezed vacuum field can exhibit stationary entan-
glement associated with nonclassical two-photon correlations characteristic of the squeezed
vacuum field. Lately, in Ref. 2 Chimczak et al proposed a scheme to teleport an entangled
state of two Lambda-type atoms via photons. It was shown how to manipulate a state of many
Lambda-type atoms trapped in a cavity.

On the other hand, with recent rapid advances in ion-trapping technology two-slit ex-
periments, requiring the isolation and localization of two atoms are now possible. Thus, a
Young two-slit experiment with trapped and laser-cooled ions has been reported [3]. In this
situation it is important to study the interaction between the single-mode field and the pair of
cold atoms via intensity-dependent coupling [4-5]. We suppose that two-level atoms in the
pair are indistinguishable. This problem generalizes the Jaynes-Cummings model (JCM) with
the intensity-dependent coupling interacting with Holstein-Primakoff SU (1,1) coherent state
(CS) [6]. It should be noted that the pair of indistinguishable two-level atoms is equivalent to
the three-level equidistant model with equal dipole moment matrix transition elements be-
tween the adjacent levels [7]. In this situation the states of the atomic pair can be described in

the three-level state representation in the following way: the ground state | g> describes the

case when both atoms of the pair are in the ground state, the first excited state |el> is equiva-
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lent to the case in which the first two-level atom of the pair is in the ground state and the se-
cond one is in the excited state and in the second excited state |e2> both atoms are in the ex-

cited state. We examine the special case of the Holstein-Primakoff realization of the SU (1,1)
Lie algebra [8-9]. Much attention in our paper is paid to the squeezing properties of the radia-
tion field. It should be noted that in Ref. 6 it was found that if the variance of the field quadra-
ture is squeezed at the initial moment, then the squeezing can recur later. Moreover, the
revivals of the radiation squeezing are strictly periodical for any value of the initial squeezing.
On the other hand, in the two-photon JCM the revivals of squeezing are not periodical [10].
Gerry has found that the higher the initial squeezing, the more regular the oscillations be-
come. In this case it is instructive to investigate the squeezing oscillations in the two-atom
model and to compare them with the strictly periodical revivals of squeezing for the single-
atom one [6].

2. The Hamiltonian of the atom-field system

Let us first represent the Hamiltonian describing the interaction of the single-mode field
with the pair of cold two-level atoms (or equidistant three-level atom) via intensity-dependent
coupling in the rotating-wave approximation

H =hw,S, + hoa a+M(R*S™ +RS™) 0

where
S. =|e:)(ex|-[g){¢]

§* = 2lea)er| ) ) @
5™ =V2(e)es| +|g)er ]

are the atomic operators, satisfying the commutation relations for the SU (2) algebra [11-12]
[S.8*]=%S* [S*,857]=28, 3)

o, and @ are the frequencies of the atomic transitions and the radiation field, respectively, 4

is the atom-field coupling constant, R =avN, R* =+/Na*, where N =a*a is the photon
number operator. To represent this Hamiltonian through the SU (1,1) symmetry group genera-
tors we introduce the following operators
K'=R",K =R, K,=N+1/2, 4)
which obey the commutation relations for the SU(1,1) Lie algebra [6, 11-12]
[Ko K*1=+K* [K"K ]=-2K,

; (5)

In this situation the Hamiltonian (1) may be rewritten in terms of the SU (1,1) Lie alge-
bra operators in the following manner

H =hw,S, + ho(K, - %) +hAAUKTST + K~ ST).
(6)
It should be emphasized that this Hamiltonian has the same form as that considered in

Ref. 10. But in our model the realization of the operators K, and K~ to a marked degree dif-
fers from the two-photon JCM studied by Gerry
CN+1/2 a? - a’

K* = Kk =2
2 2 2 Rl

b b

Ky
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3. The quantum-statistical and squeezing properties of the radiation field

Let us suppose that at the initial moment # =0 the atomic system is in the first excited
state |el> and the single-mode field is in the Holstein-Primakoff SU (1,1) coherent state |§>

[6, 13-14]
T(m + 2k)
-0 r 3 ,m} £ )

where |m,k> are the eigenvectors of the Casimir operator C =K, —

) (8)
KK +KK,

2
=k(k—1)I , where k is the so-called Bargmann index and & = |§| exp(ip), (0< |c§| <1). Asin
the present paper £ =1/2 the SU (1,1) CS can be written through the usual oscillator number

states [6]
[£)=-|)"2 ¢ m=2 0ulm)
n=0 n=0 (9)

This CS is the special (one-photon) case of the multiboson Holstein-Primakoff SU (1,1)
CS [15-17]. In this situation the initial state-vector |1//(t = O)> of the coupled atom-field sys-

tem can be written by the following

lw(t=0))=[£)®|e) =

|eun).
(10)
To study the quantum statistical properties of the radiation field it is necessary to know
the time-evolution of the state-vector for the atom-field system. By using the Schrodinger
equation

. d _
in—y ()= Hly (1)) o

we obtain the exact analytical solution for |1//(t)> in the resonance case (v =w,)
lw (1) = Ze‘“"o Bt g {cos(V2n® +2n+17) e, n)

n=0 (12)

_i(n+D) /
———————-in( 2n* +2n+17) s1n(\/2n +2n+lr)‘ezn 1>
V2n? +2n+1

V2n? +2n+1
where 7=~/2t.

Let us now study the quantum-statistical properties of the single-mode cavity field in-
teracting with pair of indistinguishable two-level atoms. From physical point of view it is im-
portant to compare these properties with those obtained for the single-atom model. Thus, for
the mean photon number <n> and the atomic population inversion (API) <Sz> one can obtain

g,n+1

the following expressions

(n) = 5 S+ (-l )Z(|§|) sin?(W2n? + 2+ 10—

2n? +2n+1

-l (13)
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and

(s.)=-a-|g’ )Z(|§| Y sin?(v2n% + 2n + 17 Vo 2””

2n7 +2n+1 (14)

From Egs. (13) and (14) it is clearly seen that the exact periodicity of the mean photon
number and the API is violated in the case of the equidistant three-level atom (or the pair of
indistinguishable two-level atoms) in contrast with the two-level one, in which the API exhi-
bits the exact periodicity of the population revivals [6]. It is also desirable to investigate the
quantum fluctuations in the mean photon number o

()=’
() (15)
where <n2> is given by

< > |§|( |§|) e )Z(|5|) n (m)wz +an+1

2n* +2n+1

In this case both Sub- and Super-Poissonian photon statistics take place. Moreover, the
fluctuations in the mean number of photons o have the oscillatory behaviour. In this situation
it should be noted that the similar oscillatory behaviour of the fluctuations was observed in
Ref. 7, 18-20 in the studying of trapping effect for the three-level atom passing through the
resonant cavity.

Let us investigate the squeezing properties of the radiation field [21-22] in the case of
the two-atom system in order to compare our results with those for the single two-level
atom [6]. In this situation it should be noted that in the coherent state the fluctuations of the
real and imaginary field quadratures X, and X, are equal to 1/4, where

ae wt + a+e—ia)t aeia}t _ a+e—ia}t

Xj=— X, = .
2 2i (17)

It is well-known that the squeezed state is the state, in which the fluctuations of the field
quadratures are smaller than those in the coherent state. To study the squeezing we introduce
the functions S,(¢), (i=1,2)

(ax,y)-(axy),,
<(AXi)2>cah
Here <(AXI.)2> = <X,-2>— <X,->2 and <(AXI.)2>M =1/4. In this situation the

squeezing condition is

Si(t):

=4{(Ax))")-1. (18)

-1<§;<0

To examine the squeezing properties numerically it is necessary to know the mean val-

ues of the single-mode field operators a, a*, a* and a™. For these mean values we obtain
the following result

<a> _ e*"("”*"’)Al(t), <a2> = e 20 4 (1)

<a+> :ei(cot—(p)Al(t) <a+2>:e2i(mt—(p)A2(t)

(19)

where
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A1) = |g|i Pn[\/n +1cos(vV2n® +2n+17) cos(\/Z(n +D)2+2(n+D)+10)+
n=0
2 sin(v2n? + 20+ 17)sin(y2(n + 1)? +2(n +1) + 1‘[)]
(20)

+{(n+2)3/2+n

V2n? 4 2n+ 14200+ 1)F +2(n +1) +1

Ay (1) = |§|2 ipn [J(n +1)(n+2) cos(v2n* +2n+17) cos(\/2(n +2)2 +2(n+2)+170)+
n=0

+ {(n +32 2 Jn+2)(n+ D) +n**In+1(n+ 2)}x
sm(\/2n +2n+17) sm(\/Z(n +2)° +2(n+2)+ lr)}

\/21/1 +2n+1y2(n+2)° +2(n+2) +1

1)

Here P, = " With the help of these expressions for the functions S, (¢)
and S,(#) we obtain the following result
$1(0) = 2Ly (1) = Ay (0] + 4cos™ (P)[ Ay () = A7 (1), 22)
S3(1) = 2 Ay (1) = Ay ()] + 4sin” ()[4 (1) = 47 ()], (23)
where 4,(t) = <n> .
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Figure 1. Time-evolution of the function §,(7) for |§| =0.6 and 0.9.

In figure 1 we present S, as a function of the dimensionless time 7 for different values
of |§| =0.6 and 0.9. From this figure it is clearly seen that the exact periodicity of the squeez-

ing revivals is violated in the case of the two-atom system, whereas in the single-atom model
the revivals of squeezing are strictly periodical for any value of initial squeezing [6].

In conclusion, we have shown that squeezed states of light can be generated in the inter-
action of quantized field of the cavity with pair of cold atoms via intensity-dependent coup-
ling. It is found that with the increasing of the initial mean photon number
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<n(t = 0)> =|§|2 /(1—|§|2) the squeezing increases with the maximum value about 75%. It is

worthwhile to point out that the exact periodicity of the squeezing revivals is violated in the
proposed model. In other words, the exact periodicity of squeezing oscillations is violated if
the single-mode field interacts with a system of more than one two-level atom.
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