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Abstract

We investigate the dependence of the basic superconducting quantities - the order pa-
rameter, energy gap and critical temperature - on the quantum confinement of a nanoscale
superconductor in the clean limit. The Bogoliubov-de Gennes equations are solved numeri-
cally for a Pb nanowire in the clean limit with cylindrical cross section. Strong size supercon-
ducting resonances are found in the critical temperature of a Pb nanowire.

1.Introduction

In recent years, due to remarkable experimental progress, the study of the superconduc-
ting properties in nanostructures has attracted a lot of interest. Characteristic feature of such
structures is quantum confinement of charge carriers. The control of the size and shape of the
carrier confinement that favors the enhancement of superconductivity and leads to an oscilla-
tory behavior of the superconducting properties is an important issue. With this in mind, the
study of superconductivity in nanostructures like nanowires is of fundamental interest, due to
possibility of tuning superconducting characteristics by changing the cross section.

As far back as the sixties of the last century, Blatt and Thompson [1] calculated a re-
markable sequence of peaks in the thickness dependence of the energy-gap parameter of su-
perconducting nanofilms in the clean limit. They called these spikes size resonances. It was
not possible to produce highly crystalline superconductors with nanoscale dimensions at that
time. Only very recently the thickness-dependent oscillations of 7. were observed experimen-
tally in Pb nanofilms [2]. For decades atomic nuclei were the only system where the interplay
between quantum confinement and pairing of fermions could be studied experimentally and
where the expectations of Blatt and Thompson were confirmed as a series of size resonances
in the pairing energy gap of nuclei [3]. Recent advances in fabrication technology for
nanosized structures can make breakthroughs in the fundamental question about the size de-
pendence of the properties of nanoscale superconductors [2, 4-14]. For example, in Ref. 13 it
was shown that the latter method supplemented by ion-beam sputtering allows one to reduce
the nanowire width down to 10nm. In Ref. 15 it is strongly suggested that the recent experi-
mental observations of the width-dependent increase in the superconducting-transition tem-
perature of clean Al and Sn nanowires [14, 16, 17] are the first observations of the size-
dependent resonances in quasi-one-dimensional superconductors.

In the present paper we investigate the dependence of the basic superconductive quanti-
ties on the confinement of Pb nanowires. Since the dimensions of nanostructures are compa-
rable or even smaller than the typical superconductor coherence lengths, a correct analysis of
superconductivity phenomena in such systems requires a detailed quantum-mechanical treat-
ment. Quantum-size effects strongly influence the physical (and superconducting) properties
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of highly-crystalline nanoscale metallic structures. In order to take these effects into account,
we numerically solve the Bogoliubov-de Gennes (BdG) equations for a clean metallic
nanowire with a cylindrical cross section uniform over the whole wire length. Note that the
BdG equations are designed to describe the superconducting condensate for an arbitrary con-
fining potential. In contrast to the Ginzburg-Landau theory, there is no need to introduce ef-
fective boundary conditions for the order parameter.

The paper is organized as follows. In Sec. 2, we outline the formalism of the BdG equa-
tions written for a crystalline nanowire in the parabolic band approximation. Details of our
numerical method for solving these equations self-consistently are presented in this section.
Section 3 presents numerical results of the BAG equations solved in a self-consistent manner
for a Pb nanowire. We discuss size superconducting resonances resulting in quantum oscilla-
tions of the critical temperature and effect of such resonances on the superconducting order
parameter. The conclusions are presented in Sec. 4.

2. Model

As known since the classical papers by Gor’kov [18] and Bogoliubov [19], the super-
conducting order parameter can be seen as the wave function governing the center-of-mass
motion of the Cooper pairs. Hence, in the presence of quantum confinement, the order pa-
rameter will be a spatially dependent function (A = A(r)) even in the absence of a magnetic
field. Such quantum-confinement effects cannot be studied within the Ginzburg-Landau the-
ory and a more complex approach as, e.g., based on the Bogoliubov-de Gennes (BdG) equa-
tions [17] is needed. These equations are written as

I_[:[eo-z +A0x}//i =Ey,, (1)

)

is the two-component (particle and hole) wave function corresponding to the quasi-particle
(bogolon) energy E;; o, and o are the Pauli matrices acting in the particle-hole space; the sin-
gle-electron Hamiltonian H, reads

where

2
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with u the chemical potential and V(r)=Vgf(p - R) the confining potential (V3 is the barrier
parameter assumed to be infinite in the present paper, and 6(x) is the Heaviside step function).
For a cylindrical nanowire i = {j, m, k,}, where j label the subbands appearing due to the size
quantization of the electron motion in the transverse p directions, m is the azimuthal quantum
number; and £; is the wave-vector of the quasi-free electron motion along the z direction.
In order to find the quasi-particle energy spectrum E; and corresponding wave functions
u,(r) and v,(r), we need to solve the BdG equations self-consistently together with the relation
Alr)=g> u,(r)v ()i -2/ (E, )} 3)
ieC
where g is the coupling constant and f(E;) = 1/[exp(BE;) + 1) is the Fermi function (B=1/(kgT)
with T the temperature and kg the Boltzmann constant). It is important that the summation in
Eq. (3) is over all the eigenstates that have positive quasi-particle energy E; and the single-
electron energy

& = Jarlu; () u,(r)+v] (0)1,v, () @)
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within the Debye “window” [-fiw,, ,hw, ]| (wp 1s the Debye frequency). Below we indicate by
R the full set of quantum numbers corresponding to all the eigenstates with positive energy
whereas C denotes the subset of the eigenstates with ¢ €[-h®,, , iw, ]. For a given mean
electron density » the chemical potential ,u is determined by

p=2 3 faeu ) 7(2) bt 0 1) 5)

IER
with V' = zR?L.. Along the z direction we introduce a unit cell of length L. which is repeated
periodically. Due to the quantum confinement in the transverse directions we have to impose
the following boundary conditions
ui(rlreS = vi (r]reS = 0 (6)
on the wire surface while in the longitudinal direction periodic boundary conditions are used.
Equations (1)-(6) are the basic formulas needed to obtain a self-consistent solution.
In order to numerically solve the BdG equations (1), we expand the two-component

wave function y(r) as
[”i(r)j _ eikzz eim{p Z ( ”; (7)
vin) L 2 S0
in terms of the quantum well states
V2 p
=—<J = 8
; ¢n( R Jm+1 ( ) m+1 (amn Rj ( )

After inserting Eq. (7) into the BdG equations we obtain the following equations for the
expansion coefficients:

(Tl E)” "‘ZAM Vi (9a)
(B, -7/ ' +ZAW u', = (9b)
where (i = {j, m, k.})
;W\ a,,
T = 2m{R2 +k; } 7, (10)

and

= [dpo,(p)A(P)e, (p) (1)

Then, Egs. (9) are readily converted into a matrix form so that the eigenvalues and ei-
genfunctions of the problem can be found by means of diagonalizing the relevant matrix.

Initial guess Self consistent solution
for numerical iterations
» Calculate
Find a 3D value of the > the chemical potential p
gap function A4y v
AN =Agp Solve
the Bogoliubov-de Gennes equation
v
Increase —— Calculate
the cross-section of the wire the gap function A%(r)
A'(r) = A%(n) [ v
yes
max|AS(r) — A%'(P)|< &

Fig.1. Numerical flow diagram for the self-consistent solution of the BdG equations.
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Our procedure of solving the BAG equations consists of three steps (see Fig. 1). At the
first step, a 3D bulk value of the gap function Ay 1s used as the initial guess of our iteration,
and the BdG equations are solved by substituting Apux —A(r). At the second step, the ob-
tained eigenfunctions u,(r) and v,(r) together with the corresponding excitation energies E; are
inserted into Eq. (3). At the third step, solving the BAG equations, with the order parameter
found at the previous step, yields new eigenfunctions and corresponding quasi-particle ener-
gies that are used in the next iteration. For a given radius R the second and third steps are re-
peated till the maximum difference & = max|A%(r) - A¥'(r)| between the order parameters at
consecutive iterations is sufficiently small to satisfy the adopted accuracy requirement, we
took typically & < € = 10”. When increasing the cross section of the nanowire, the order pa-
rameter, obtained for a smaller cross section can be used as an initial guess in the iteration
process. If T'is significantly lower than 7. (7. is found as the temperature above which there is
only a zero solution to the BAdG equations), our algorithm is stable during all simulated itera-
tions and is rapidly convergent. For example, 8 ~ 107 is usually reached after 20-30 iterations
for 7= 0. Even for T = 0.95 T, the convergence is reasonably fast (the number of iterations
needed increases only by a factor of 3) and does not depend very much on the initial guess for
A(r). However, very near to 7, the algorithm becomes very sensitive to this guess and more
and more iterations are required to reach convergence.

3. Results and discussion

In the present model the bulk density of single-electron states per unit volume and per
spin projection can be written as
mk .

N(0) e (12)
with kr the 3D Fermi wave vector. In order to simulate an infinite nanowire we have chosen
the length L, = 1000 nm > Ar = 27/ kr (the Fermi wavelength) for the periodic boundary in
the z direction. The real p-space grid sampling was chosen to be 0.2 A. In our numerical in-

vestigations we restrict ourselves to a Pb nanowire with the Debye temperature %@, / k,=96K
and the bulk density of states N(0) multiplied with the interaction constant is equal to 0.39.
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Fig.2. The radius dependent relative mean density of the single-electron states in the Debye
window per unit volume and per spin projection Np/(2 @,V ) and energy gap A at zero temperature

for a Pb nanowire.

42



M.D. Croitoru, A.A. Shanenko and F.M. Peeters

Quantitative description of the recently observed quantum-size oscillations in the criti-
cal temperature of superconducting nanofilms [2] as well as a detailed understanding of the
size-dependent variations in the work function, the surface energy and the thermal stability
[21-25] requires the knowledge of the crystal band structure in the presence of quantum con-
finement. As shown in Ref. 26, this procedure, to a certain extent, can be avoided by using the
band-mass approximation together with a change of the reference point in the band structure.
This can be realized by the introduction of an effective Fermi level [28]. Following this
scheme, we employ the effective Fermi level for a Pb nanowire upyx = 0.926 eV, which fol-
lows from the recent results found in Ref. 6.

The mean density of single-electron states in the Debye “window” per volume unit and
spin projection Np/(2hw,V ') is a good start for the understanding of the superconductive

properties [15, 27]. Here Np is the number of single-electron states (for one spin projection)
situated in the Debye “window”. Fig. 2 illustrates the size-dependence of Np/(2hw, V") for a

Pb nanowire as a function of radius R in units of the bulk density of states near the Fermi
level N(0). In the calculations R is varied with steps of AR = 0.001A. From Fig. 1 one can see
that the Van Hove singularities have a strong effect on the mean density of states, which re-
sults in a sequence of profound peaks. These peaks appear due to quantum confinement of the
electron motion in the transverse directions of the nanowire, which results in the formation of
discrete electronic states and, so, in a splitting of the total band of single-electron states in a
series of subbands. With an increase (a decrease) of wire radius, the bottom of a given sub-
band moves up (down) in energy. When it passes through the Fermi surface, a sharp increase
in the mean density of relevant states occurs.

6 T T T T T T T T T T T T T 6 T T T T T T

3

Pb n,=4.05nm" | | Pb n,=4.05 nm™ ]

fh, = 0.926 €V ] i u, =0926eV |

To/Tc, bulk

s s s PR B PR S R N 0 1 s s
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R (nm) R (nm)

N

Fig.3. Left: The critical temperature 7, in units of 7, as a function of nanowire radius for a
cylindrical Pb nanowire. Right: the same dependence but in the small-R region.

The peaks in the mean density of single-electron states result in pronounced size reso-
nances of the superconducting critical temperature as seen in Fig. 2, where T,/ T pux 1 plotted
as a function of nanowire radius in the same radius interval. It is noteworthy that the critical
temperature increases well above its bulk value at a resonant point but, then drops down until
a sequent resonance comes into play. As a rule, the resonance enhancements with respect to
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T buik are much more pronounced than the drops between two neighboring resonances. More-
over, the larger the resonance magnitude, the larger the drop below T, between these reso-
nances. Resonances in 7,/ T,k are rather sensitive to the governing parameters wp, g and
Uoulk (see Refs. 15, 27). Comparing the obtained results for Pb with those for Al and Sn given
in Refs. 15, 27 one can see that the superconductive resonances weaken with increase of any
of these parameters. For example, as follows from Refs. 15, 27, aluminium nanowires exhibit
the most significant resonances. Enhancement in the electron-phonon coupling in tin and lead
results in a considerable suppression of the multi-spike pattern in Sn and Pb. Such depen-
dences are explained by the fact that the superconducting resonances result from a competi-
tion between quantum-confinement energy and superconducting “condensation” energy: the
stronger the quantum confinement, the more pronounced are the radius-dependent resonances.

We would like to emphasize that the drops in gap function occur in nanowires with a
cross section uniform over the whole nanowire length. In real samples there are unavoidable
cross-section variations so that the critical temperature measured experimentally cannot be
compared directly with 7. presented in Fig. 2. Hence, the theoretical results obtained for a
uniform nanowire should be averaged over the particular cross-section variations and such
averaging will be influenced by the superconducting resonances. Indeed, as shown in Ref. 15,
the experimental data for nearly clean Al [12, 13] and Sn [14] nanowires exhibit a monoto-
nous increase in 7. with a decrease of R and follow the average trend of the size-dependent
superconducting resonances calculated via the BdG equations for a cylindrical uniform
nanowire [15].

If one recall from the textbooks [20, 29] that in bulk the BCS critical temperature de-
pends on the density of single-electron states at the Fermi level as
T,,, =1.13ho, exp(~1/gN(0)), one would expect that this formula is still applicable for

nanowires but with N(0) replaced by Np/(2 7w,V ). This is not the case. For example, applica-

tion of this straightforward guess results in a 20-30% underestimation of the resonant critical
temperatures in a Pb nanowire.
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Fig.4. Left: The superconducting order parameter A(p) versus radius of a Pb nanowire with cy-
lindrical cross section at two resonant points R =1.618 nm and 2.082nm. Right: The contour plot of the
superconducting order parameter profile A(p/R) as a function of the normalized radial coordinate p/R
and of the radius of the Pb nanowire.
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An obvious consequence of the confinement in a nanoscale superconducting wire is the
appearance of a nonuniform spatial distribution of the superconducting condensate. Any pro-
found size resonance is accompanied by strong spatial variations of the superconducting order
parameter and by a giant increase of its mean value (this value is close to the energy gap pa-
rameter). For example, the superconducting order parameter calculated at the resonant points
R =1.618 nm and 2.082 nm is plotted in Fig. 3(a). As seen from this figure, the spatial con-
densate structure is strongly inhomogeneous. This is very similar to the behavior of the order
parameter in a superconducting nanofilm [28]. But now, contrary to nanofilms, the curves do
not exhibit regular spatial oscillations.

From Fig. 3(b), where the order parameter A(p/R) as a function of the normalized radial
coordinate p/R and of the nanowire radius is plotted as a contour plot, it is seen that the spatial
variations in the superconducting order parameter become less pronounced with rise of the
nanowire radius. At R > 2 nm the electron subbands appearing due to the size quantization are
not well separated any more: a new size resonance appears when the previous one has not yet
decayed. From Fig. 3(b) one can notice that any superconductive resonance demonstrates its
unique spatial structure which is never repeated at another resonant point. In the areas, where
the superconducting order parameter is enhanced, it significantly exceeds the bulk gap Apuk =
1.2738meV. In general, the smaller the nanowire width, the more profound is the increase of
the order parameter (the critical temperature) at a resonant point.
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Fig.5. The order parameter A(p) in Pb nanowires with cylindrical cross section for large values
of radii of the nanowires.

When the resonance decays (Fig. 3(b)), the spatially averaged value of the order pa-
rameter decreases to 1meV (nearly the bulk value Ay = 1.27meV) and the spatial oscilla-
tions in the order parameter become less profound. Nevertheless, they are still significant in
the areas close to the boundaries (see Fig. 4). Note that the reason for these boundary effects
is the same as in the case of the well-known Friedel oscillations induced by a point charge
placed into an electron gas. Our numerical analysis shows that such near-boundary behavior
survive for very thick nanowires (with radius larger than 50 nm) when there are no oscilla-
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tions of the order parameter in the center regions. From Fig. 3 one can clearly see at which
values of the radius the number of the oscillations in the order parameter increases. We also
remark that the mean distance between two neighboring peaks in 7, given in Figs. 3 and 4 is
proportional to Ag/2. In the vicinity of p = R the order parameter A(p) rapidly varies, decrea-
sing to zero also on a scale of order Ap/2.

Conclusion

In conclusion, quantum confinement is the main mechanism governing nanoscale su-
perconductivity. Based on a numerical solution of the Bogoliubov-de Gennes equations, we
have investigated the sensitivity of the basic superconducting properties - such as the order
parameter, critical temperature, energy gap - on the confinement of the Pb nanowire. We have
shown that the size-dependent increase of the superconducting temperature in clean Pb
nanowires is well explained by the size-resonance effect. In the present paper we showed that
the superconducting order parameter can be enhanced (by more than an order of magnitude
with respect to bulk) at a resonant point and its spatial distribution exhibits a distinguished
nonuniform pattern reflecting the symmetry of the sample.
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