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Abstract 

 

The ground state energy of an N-polaron system confined to a quantum dot with a neu-

tralizing background charge is investigated within an all-coupling many-body path-integral 

variational principle taking into account both Fermi statistics of polarons and the electron-

electron interaction. The obtained polaron parameters are compared with those for a polaron 

gas in bulk. 

 

1. Introduction 

 

During recent years, thermodynamic and optical properties of interacting many-

polaron systems attract an increasing interest because of a possible role of polarons in 

those properties of high-Tc superconductors (see, e.g., Refs. [1, 2]). Experiments on the in-

frared optical absorption of high-Tc substances (see Refs. [3-5] and references therein) 

demonstrate features that are convincingly attributed to large and small polarons. 

The ground-state properties of a weak-coupling interacting large-polaron gas have 

been treated in Refs. [6-8]. For small polarons, the formation of a finite density multi-

polaron state in the Holstein model is analyzed in Refs. [9, 10]. To the best of our 

knowledge, at present there is no results on the ground-state energy and on the optical 

conductivity of an arbitrary-coupling large-polaron gas in bulk consistently accounting 

for the many-body effects. 

In the present work, we treat the ground-state energy of a system of N interac-

ting polarons confined to a quantum dot taking into account a background-charge poten-

tial. In the case when the total background charge exactly compensates the charge of the 

electrons (i.e., when a quantum dot is electroneutral), at N → ∞ the physical quantities of 

this system, e.g., the ground-state energy, should tend to those in bulk. Indeed, if we let 

the quantum dot with a neutralizing background have a radius, which tends to infinity, we 

have in practice a uniform electron gas dressed with polaron effects. In this connection, a 

quantum dot, in which a confinement is provided by a neutralizing background, can be a 

relevant model for a polaron gas in bulk. A problem of a particular interest is to per-

form the comparison of the ground-state energy of an N-polaron system with the ground-

state energy of a polaron gas in bulk. 

In Sec. 2, the N -polaron system under consideration is described. In Sec. 3, we de-

termine the variational functional for the ground-state energy of that system. In Sec. 4, 

we discuss the numerical results and compare the ground-state energy and various contri-
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butions to the ground-state energy of an N -polaron system confined to a quantum dot with 

the corresponding quantities of a polaron gas in bulk. In Sec. 5, the conclusions are repre-

sented. 

 

2. Electron-phonon system 

 

We consider a system of N electrons with mutual Coulomb repulsion and inter-

acting with the lattice vibrations. The system is assumed to be confined to a parabolic 

potential characterized by the frequency parameter 
0

Ω  and to a static background-charge 

potential uniformly distributed with the charge density enb in a sphere of a radius R. In 

the particular case, when the density nb is equal to the averaged electron density 

n0 = 3N/( 3
4 Rπ ), the quantum dot is electroneutral, because the charge of electrons is 

compensated by the background charge. 

The total number of electrons is represented as ,∑=
σ

σ
NN  where N

σ
 is the 

number of electrons with the spin projection s = ±1/2. The electron coordinates are 

denoted by 
,j σ

x  with j = 1,…, N
σ

. As was shown in Refs. [11, 12], the partition function of 

a system of interacting polarons can be represented as the path integral over the electron 

coordinates only, 
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Throughout the present treatment, the Euclidean time variable τ  = it is used, where t is the 

real time variable. In the action (2), ( )xx,�
e

L  is the Lagrangian of N electrons with band mass mb in 

a parabolic confinement potential, 
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0
Ω  is the confinement frequency, ( )xCV  is the potential energy of the electron-electron Coulomb 

repulsion in the medium with the high-frequency dielectric constant ε∞: 
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where ρq is the Fourier transform of the electron density operator: 
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and V is the volume of the crystal. 

The term ( )x
b

V  in action (2) is the potential energy of N electrons in the potential of the 

background charge, 
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where ε0 is the static dielectric constant of a crystal. The constant term Vbb is the potential energy of 

the electrostatic interaction of the background charges with each other: 

.
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The static dielectric constant ε0 appears instead of the high-frequency dielectric constant ε∞ 

in Eqs. (7) and (8) due to screening of a background-charge potential by the LO phonons. 

The “influence phase” of phonons 
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describes the phonon-induced retarded interaction between the electrons, including the retarded 

self-interaction of each electron, Vk is the amplitude of the electron-phonon interaction. In the pre-

sent work, we consider electrons interacting with the long-wavelength longitudinal optical (LO) 

phonons with a dispersionless frequency ωk=ωLO, for which the amplitude Vk is [13] 
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where α is the electron-phonon coupling constant. 

The free energy of a system of interacting polarons { }( )β
σ
,NF

p
 is related to their partition 

function (1) by the equation: 

{ }( ) { }( ).,ln
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β

β
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In the zero-temperature limit, the free energy turns into the N-polaron ground-state energy, 

{ }( ) { }( ).,lim
0 βσ

β
σ NFNE p
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3. Variational principle 

 

At present no method is known to calculate the non-gaussian path integral (1) analytically. 

For distinguishable particles, the Jensen-Feynman variational principle [14] provides a powerful 

approximation technique. It yields a lower bound to the partition function and, hence, an upper 

bound to the free energy. It was demonstrated in Refs. [15, 16] that keeping the appropriate sym-

metry for a trial system (see the discussion in Ref. [16]), the variational inequality for identical par-

ticles takes the same form as the Jensen-Feynman variational principle 

,
1

0

00 Spp SSFF −+≤
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where 
0

S  is a model action with corresponding free energy 
0

F . The angular brackets mean a 

weighted average over the paths 
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In the present paper, we use the trial action 
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with the influence phase of Nf fictitious particles of the mass mf interacting with the electrons 

through elastic bonds with the elastic constant 2

ffmk Ω=  
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where X is the center-of-mass coordinate of the electrons. As a result, we arrive at a variational 

functional for the ground-state energy of an N-polaron system in a parabolic confinement potential 

taking into account a charge background. The expectation values entering that functional, including 

the fermion statistics, have been studied earlier [12, 17, 18]. 

 

4. Discussion of results 

 

The further numerical treatment of the ground-state energy of an N-polaron system confined 

to a quantum dot is performed under the following suppositions. 

(1) We set the confinement frequency 
0

Ω = 0, so that the confinement is realized only by the 

background charge. 

(2) We set the charge of the background sphere equal to (eN), so that the system is electro-

neutral. In this model, the average electron density can be defined as 

.
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The density is expressed in terms of the parameter *

s
r , which is determines by the equation 
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where *

B
a  is the effective Bohr radius related to the Bohr radius in the vacuum aB by the equality 
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In the Feynman units, the effective Bohr radius is expressed through the electron-phonon 

coupling constant α and the ratio of the dielectric constants η 
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Therefore, the parameter *

s
r  is determined through the number of polarons and the radius of 

a background-charge sphere 

.
1

2

31
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Although most required quantities (partition function, density, two point correlation function) 

could be expressed in closed form (finite series), the time integral in the influence functional and 

the minimization of the ground state energy 

with respect to the variational parameters 

have to be performed numerically. No de-

tailed calculations have been done for the 

very large set of parameters which can be 

of interest (material constants mb, ωLO, α, η, 

the parameter *

s
r , but preliminary results 

seem to reveal that our basic hypothesis 

holds, i.e., with increasing number of parti-

cles for fixed *

s
r  the ground state energy 

seems to converge to the one in bulk for a 

tractable number of particles (order of 

magnitude say N). We illustrate this with a 

few representative plots. 

In Fig. 1, the ground-state energy per 

particle for an N-polaron system in a quan-

tum dot is plotted as a function of the num-

ber of polarons keeping constant values of 

the parameter *

s
r  for two different cases: (i) 

the case of ZnO with α = 0.849 and 

η = 0.4908, (ii) the case of a polar medium 

with α = 5, η = 0.3. In the insets, the total 

spin of an N-polaron system in its ground 

state is represented as a function of N. 

In an N-polaron quantum dot in ZnO 

for 2
*

=
s
r  (what corresponds to the density 

n0 = 4.34×10
19

 cm
-3

), the shell filling obeys 

Hund's rule [see the inset to Fig. 1 (a)]. 

This shell filling is manifested in the 

ground-state energy, where the pronounced 

minima correspond to the closed shells 

(N = 2, 8, 20, 40,…) and weakly expressed 

minima correspond to the half-filled shells 

(N = 5, 14, 30, 56, …). In the case of the 

medium with α = 5, η =0.3, for 20
*

=
s
r  

(what corresponds to the density 

n0 = 1.14×10
18

 cm
-3

), an N-polaron system 

in its ground state has a maximal possible 

spin [see the inset to Fig. 1(b)]. As a result, 

 
Fig. 1. Polaron ground-state energy per particle in

an N-polaron quantum dot as a function of the number of

fermions. The parameters are taken (a) for ZnO with

α = 0.849, ε0 = 8.15, ε∞ = 4.0 and 
LO

ω�  = 73.27 meV,

(b) for a polar medium with α = 5, η = 0.3 and ap = 3 nm.

The value of the parameter 
*

s
r  is (a) ,2

*

=
s
r  what cor-

responds to the fermion density n0 = 4.34×10
19

 cm
-3
, (b)

,20
*

=
s
r  what corresponds to n0 = 1.14×10

18
 cm

-3
. The

arrows indicate the number of fermions corresponding to

the closed and half-filled shells. Insets: the total spin of

an N-polaron system as a function of the number of fer-

mions. (After Ref. [18].) 
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the ground-state energy as a function of N in Fig. 1 has kinks for N corresponding to the closed 

shells for a spin-polarized N-polaron system with parallel spins (N = 1, 4, 10, 20, 35, …). 

 
Fig. 2. Ground-state energy per particle of an N-polaron system in a quantum dot as a function of the 

parameter 
*

s
r  for different numbers of fermions. The dash-dotted line represents the results of the genera-

lized Lee-Low-Pines transformation of Ref. [6]. (After Ref. [18].)] 

 

In Fig. 2, the polaron ground-state energy per particle E
0
/N is plotted as a function of the ef-

fective parameter *

s
r  determined by Eq. (20) for several numbers of fermions: N = 1, 8, 20 and 40 

for ZnO [Fig. 2(a)], and N = 1, 10, 20 and 35 for a medium with α = 5, η = 0.3 [Fig. 2(b)]. We see 

that for all considered values of *

s
r , the ground-state energy per particle only slightly varies with N 

for 10≥N . Hereof, we can suppose that for these numbers of particles, an N-polaron system in a 

quantum dot reveals properties close to those for a polaron gas in bulk. 

It appears that E
0
/N as a function of *

s
r  tends to a finite (bulk) value of the ground-state ener-

gy at large *

s
r . For N = 1, that value analytically coincides with that obtained within the Feynman 

method. For other N, the bulk value of the ground-state energy is higher than the Feynman one-

polaron ground-state energy, as seen from the graph for α = 5. This difference is due to the fact that 

the model of Refs. [11, 12] for 1≠N  in the limit ∞→
*

s
r  differs from the Feynman model 

(N times repeated) for a single polaron. The dash-dotted line represents the results of the genera-

lized Lee-Low-Pines transformation of Ref. [6]. 
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5. Conclusions 

 

We have derived the ground-state energy of an N-polaron system at arbitrary coupling 

strength in a confinement potential, which is a combination of a parabolic potential and of a poten-

tial induced by a background charge. The many-body path-integral variational principle provides a 

rigorous upper bound for the ground-state energy of N polarons taking into account both the Fermi 

statistics and the Coulomb interaction between fermions. The treatment of the ground-state energy 

is performed for both closed-shell and open-shell systems. In the case when a confinement is pro-

vided by a background charge and a quantum dot is electroneutral, the ground-state energy and the 

electron-phonon contribution to the ground-state energy as a function of the number of fermions 

demonstrate a trend to their values in bulk with increasing N. For a finite N, the dependences of the 

ground-state energy and of the polaron contribution on the parameter *

s
r , which determines the 

average fermion density in a quantum dot, are very similar to those for a polaron gas in bulk. 

Hereof, we can conclude that the ground-state properties of a polaron gas in bulk can be qualita-

tively described using a model of a finite number of polarons in a confinement provided by a back-

ground charge. 

 

Acknowledgements 

The authors acknowledge discussions with V. Fomin. This work was supported by IUAP, 

FWO-V projects G.0435.03, G.0449.04, the WOG WO.035.04N (Belgium) and the European 

Commission SANDiE Network of Excellence, contract No. NMP4-CT-2004-500101. 

 

References 

 

[1] A.S. Alexandrov and N. Mott, Polarons and bipolarons, World Scientific, Singapore, 1996. 

[2] J.T. Devreese, Polarons, in: Encyclopedia of Applied Physics, 14, 383, VHC Publishers, 

Weinheim, 1996. 

[3] S. Lupi, P. Maselli, M. Capizzi, P. Calvani, P. Giura and P. Roy, Phys. Rev. Lett., 83, 4852, 

(1999). 

[4] P. Calvani, Optical Properties of Polarons, Editrice Compositori, Bologna, 2001. 

[5] Ch. Hartinger, F. Mayr, J. Deisenhofer, A. Loidl and T. Kopp, Phys. Rev. B, 69, 100403(R), 

(2004). 

[6] L.F. Lemmens, J.T. Devreese and F. Brosens, Phys. Status Solidi B, 82, 439, (1977). 

[7] W.B. da Costa, N. Studart, Phys. Rev. B, 47, 6356, (1993). 

[8] G. De Filippis, V. Cataudella and G. Iadonisi, Eur. Phys. J. B, 8, 339, (1999). 

[9] M. Capone and S. Ciuchi, Phys. Rev. Letters, 91, 186405, (2003). 

[10] M. Capone, S. Ciuchi and G. Sangiovanni, Physica B: Condensed Matter, 359, 813, (2005). 

[11] J.T. Devreese, S.N. Klimin, V.M. Fomin and F. Brosens, Solid State Communications, 114, 

305, (2000). 

[12] S.N. Klimin, V.M. Fomin, F. Brosens and J.T. Devreese, Phys. Rev. B, 69, 235324, (2004). 

[13] J.T. Devreese, in: Polarons in Ionic Crystals and Polar Semiconductors, North-Holland, 

Amsterdam, 83, 1972. 

[14] R.P. Feynman, Statistical Mechanics, Benjamin, Massachusetts, 1972. 

[15] L.F. Lemmens, F. Brosens and J.T. Devreese, Phys. Rev. E, 53, 4467, (1996). 

[16] J.T. Devreese, in: Fluctuating Paths and Fields, World Scientific, Singapore, 289, 2001. 

[17] F. Brosens, J.T. Devreese and L.F. Lemmens, Phys. Rev. E, 55, 227, (1997); Phys. Rev. E, 55, 

6795, (1997); Phys. Rev. E, 57, 3871, (1998); Phys. Rev. E, 58, 1634, (1998). 

[18] F. Brosens, S.N. Klimin and J.T. Devreese, accepted for publication in J. Phys.: Cond. Matter. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


