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Abstract

To interpret the mutual influence of loads of active multiport networks, some methods of
projective geometry are used. The application of the projective coordinates gives the possibility
to derive an equation of the network in a normalized or relative form as well as to define the
scales for the currents and conductivity of the loads. This approach makes it possible to identify
parameters of the regime and to compare the regimes of different multiports. The given approach
is applicable to the analysis of «flowed» form processes of different physical nature. The
obtained results can be useful in the educational purposes. This new mathematical apparatus for
the circuit theory is widely applied in other areas of science.

1. Introduction

The definition of parameters of an operating regime in a normalized form with respect to
some characteristic values (as scales) is important for electric circuits with changeable parameters
of loads. In practice, in power supply systems (for example, direct current), the load regime can
vary largely from the generation to the regeneration of energy. Therefore, the definition of
regimes (hereinafter referred to as relative regimes) allows comparing or setting the regimes of
different systems. For example, for a circuit in the form of an active two-pole, open circuit
voltage, short-circuit current, and internal resistance [1] can be the scales for the voltage, current,
and resistance of load. Then, the normalized equation of the circuit (load straight line) is obtained
evidently. Therefore, the regimes of compared active two poles will be identical, if the
normalized values of parameters of loads are also identical. However, the consideration of more
complex circuits reveals no triviality of the problem, because a number of characteristic values
are increased and well-founded approaches to the formation of relative expressions are missing.
For example, suppose that any resistance is changed in the active two-pole. Then, the open circuit
voltage is also changed. This change in the scale of the load voltage complicates the estimation
of the regime of the circuit, creates uncertainty for comparison of the regimes of the different
circuits.  Further, consider an active two-port network with changeable loads. Therefore, an
interference of changes in the load resistances on the value of voltage of these loads takes place.
This brings up the problem of choice of the scales for the voltages or currents of loads and the
problem of the normalized formulation of the circuit equation.

In a number of papers of the author, the approach is developed for interpretation of changes
or "kinematics™ of the circuit regimes on the basis of projective geometry [2]. The formulated
theorem of a generalized equivalent generator of an active two-pole develops the well-known


mailto:aapenin@mail.ru

A. A. Penin

Kirchhoff-Thevenin and Norton theorems. It appears that the load straight line is transformed into
a bunch of lines for various values of the internal resistance of this two-pole network. Since the
coordinates of the center of the bunch do not depend on this changeable element, they can be
accepted already as the parameters of the generalized equivalent generator to obtain the
normalized parameters of the regime and normalized equation of active two-ports [3].

In this work, the results are applied to active multiport networks.

2. Projective coordinates of an active multiport network
Let us use the approach for an active two-port network with changeable conductivities of loads

[3]. Now consider the active multiport network in Fig. 1. Taking into account the specified
directions of currents, this network is described by the following system of the equations:

Il _Y11 Y12 Y13 V1 IlSC
I2 = Y12 _Yzz st ) Vz + |2SC 1 (1)
|3 Y13 Y23 _Y33 V3 |3SC
s, y y
where Y, =Y, + Y, =% Vs = You + Yaa + Yo+ Yagr Yio = Yos o Yig = Yoy,
s s Ys
ys y Y3
Yoo = Yot Vou =2 Yoy = Yoy =25, Yy = Yy + Yy — 0,
> Ys Ys

The short-circuit (SC ) currents of all loads are

|1SC =YioVo = y04%\/0* |Zsc =Y Vo = yo4hvo ’ |3SC =YV = YO4&V0-

z z z

Fig. 1. Active multiport network

Taking into account the voltages V, =1,/Y,V, =1,/Y_,, V, =1,/Y_; , the equations of

three bunches of planes are obtained from the system of the equations (1), similarly to the
bunches of straight lines of an active two-port. For visualization, two bunches of these straight
lines are presented in Fig. 2.
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m, m=1 M= ™" Fig. 3. Two bunches of planes with

Fig. 2. Two bunches of straight lines W|th parameters Y i, Y,  [parameters Y i, Yis

The intersection of the planes of one bunch defines the bunch axis. The equation of the axis of the
bunch Y, corresponds to the condition I, =0,V, = 0. Therefore, this axis is located in the plane

I,,1,,asitisshown in Fig. 3.

The point of intersection with the current axis |, is defined by the expression

192 =V, y04(1+ Y2 ] (2)

24
that corresponds to voltage and conductivity of the second load:

Y.
V2G2 = _ﬂvo = _& 01 Yl_Gz2 = _(Y24 + yz)-
Y12 y24
The point of intersection with the current axis |, defines the third load:
|G3 0 y04(1+ y3 j V3G3 yO4V YGS (y34 + y3) (3)
34 34

Similarly, the axis of the bunch Y/, corresponds to the condition |, =0 and is located in the plane
I,,1;. The point of intersection with the current axis 1, defines the first load:

I = oyo{l"" le Vet == Jony S =y, ) (4)

14 14
The characteristic regime is the short-circuit regime of the loads (Y ; =»,Y,,=o,Y ; =),
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which is presented by the pointSC in Fig. 2. The open circuit regime of the loads is also
characteristic and corresponds to the origin of coordinates, point 0.
IGl IG2 IG3
3

In addition, we regard the plane which passes through three points 1,7, 1,7, on the axes
of coordinates as the plane of infinityco. This plane and three coordinate planes
I, =0,1,=0,1; =0 form the coordinate tetrahedron 0G, G,G, . Let the initial or running

regime correspond to the point M* which is set by the values of conductivities YJ;, Y.,,Y} and
currents I;, 15,15 . This point is defined by projective non-uniform coordinates m;, m;,m; and
homogeneous &, &, &5, & coordinates which are set by the coordinate tetrahedron 0G, G,G,
and the unit point SC [4, 5]. Then, the homogeneous coordinates are defined as the ratio of
distances of points M*, SC to the planes of the coordinate tetrahedron:

1 1 1 1
I I I3 1_ 04

PecllZI% , szlzlﬁ , péy = = pS, = sc (5)
1 2 3 4
Distances:
1 Il Il Il sc 1 ISC ISC ISC
51:_[|é1+|622+|632_1 ) O =— |1c31+|%32+|?32_1’
Ha\ g 2 3 4\ 11 2 3

whereyA:\/ ! + ! + !
0 0T 0
The non-uniform projective coordinate m; is set by a cross ratio of four points:
Yo . o-0 Y )
Yl_ll _YLGll o _YL(il Yl_ll _YLell
The points Y, =0, Y}, =Y$" correspond to extreme or base values. The point Y, = oo is the unit
point. The values of m, are also shown in Fig. 2. For the pointY, =Y$*, the coordinate m, =oo
defines the sense of line of infinity G, G, . The cross ratio for m;,m; is expressed similarly.

Is a normalizing factor.

mll =( Yl_ll OOYLGll )=

In addition, the homogeneous projective coordinates & , &,,&, set the non-uniform coordinates
as follows:
m, =é=p_§l’ mzzézp_é, m3=é=p_§3 (7)
& PE, S Pé, & PE,

where p is the coefficient of proportionality.
The homogeneous projective coordinates (5) have a matrix form:

1
P& = 0 0 0 1,

1

1
P& 0 15 0 0 I,
- : ) | |=[e1-0] ®)
pé 0 0 75 0 15
3

1 1 11

pee ) NEusi® Vs \Ewo o) W
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The inverse transformation:

Pl I 0 0 0 &

pl, 0 15 0 0 &

plyl=| 0 0 15 0 | & |=[CT7-[€]. 9)
|lSC IZSC ISSC sC

pl T I

From here, we find the currents:

sc
=,0|1 _ I~

! m =22 g =Pl
1 e SC SC ! 2 vi3 T
Pl ] I 3 sc pl pl
or M+ My + 53 Ms _lu454
Il |2 IS
Then, the normalized expressions for currents are
ISC ISC
1 1
I I G1 ’ ml I G1 ' ml
1 _ 1 — 1
P P 5 (m,, m,, m;)
|G -(m -1+ |2 -(m, -1) + |3 (m,-D+1
1 2 3
| SC ISC
2 3
| oz M | joa M
2 2 3 3

(10)

182 (m,m,,my)" 18 (m,m,,m,)

The system of equations (10) allows obtaining in a relative form the equations of load
characteristics which correspond to the system of equations (1). For this purpose, we express the
non-uniform coordinates m, , m,,m,by the currents and voltages:

Yo LIS . 1, /157 . I, /158
YLl_YL(il (|1/|1Gl)_V1/VlGl, i (Izllzez)_vzlvzez’ ’ (|3/|??3)_V3/V363.

m

Having substituted these values in system (10), we obtain the required equations:
I_l_ V]_ [1_ IlSCJ_ IlSC V2 ~ |15C V3 Ilsc
1

Gl ~ y/G1 Gl /G2 Gl y/G3 Gl
|1 V1 |1 Vz I1 V3 I1

sC sC sC sC
I, __Iz Vi Vz( I, ]_Iz Vs B

G2 G2 Gl G2 G2 G2 G3 G2
|2 |2 Vl V2 |2 |2 V3 |2

SC Sc SC SC
N Pl N ol AN A P b T P a
|G3 IGSle |G3 VGZ VGS |G3 |G3
3 3 1 3 2 3 3 3

The obtained equations represent the purely relative expressions. The currents 1>,

represent scales. It is obvious that relative expressions (11) are generalized to any number of the
loads in a formal way. If we switch to absolute values of the regime parameters of system (11),
then Y -parameters are expressed through the parameters of the characteristic regimes.

G2 |G3
17,15
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Relevant example. The active network in Fig. 1 is described by the following system:
I, -1.236 0.17 0.282 \'A 2.641
I, |[=| 0.17 -0.966 0.188 |- |V, |+|1.761
I, 0.282 0.188 1.283 V, 2.817

Hereinafter, the dimensions of values are not specified for simplifying the record and source
V, =5.

The parameters of the centers of bunch are I** =15,Y$' =-15, 1$% =16.25, Y5 =-1.0833,
13° =14.844,Y5 =-1.583.  Let the actual parameters of the running regime be Y} =0.5,
Y, =05Y,=1 1/=0.974, 1;=0.821;=1.61; the nonuniform projective coordinates
m; =0.25, m; =0.316, m; =0.387; the distances 1,5, =-0.526, 65 =-0.776,
1, =0.0907; the homogeneous  coordinates p& =0.974/2.641=0.369, p&, =0.466,
pér=0571, p& =1.476.

The matrix of transformation (9):

2641 0 0 0
0 1.761 0 0

Cl” =
] 0 0 2.817 0

0.176  0.108 0.19 0.526

3. Comparison of operating regimes and parameters of active two-ports

Let us take two active two-ports with different parameters. The bunches of the load

characteristics and conformity of points of characteristic and running regimes are presented in
Fig. 4.

2]

s5C '.h\‘ sC
W oved M

G
» ‘ ‘

oV A !

Fig. 4. Conformity of the points of characteristic and running regimes of two active two-ports with
various parameters

The problem is to find such values of conductivities and currents of loads of the second
two-port (point M ) that its relative regimes would be equal to regimes of the first two-port

(point M with preset values of conductivities Y,,, Y,, and currents 1., 1,). The recalculation of
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the load conductivities Y ,, Y, is carried out according to (6):

Yu S YLl_ Yi, - YL2_ (12)
YLl_YLGll YLl_YL?l ’ YL2 _YLGZZ YL2 _YL%Z
Therefore, it is necessary to find a transformation which provides a recalculation of
currents. For this purpose, we consider the systems of projective coordinates of these two-ports.
Systems of coordinates are set by triangles of reference G, 0G,, G, 0G, and unit pointsSC,
SC, respectively. Conditions of equality of regimes lead to the equality of projective

coordinates [pE]=[£] of points Mand M . According to (8), for these two-ports

[pE]=[C]1-[1]1, [PE]1=[C]1-[1]. Therefore, a necessary transformation is the product
[p11=[CT " [CI-[11=[J]-[1] of two matrixes.
Let us present in detail this product:

1
B I 0 0
1>¢ 0 0 1
- 1
[J]=]| O I2SC 0 |- 0 IT 0
jsc jsc . 2
I_% I_ZE — 11,0, 1 1 1
' 2 |161:U3§3Sc |2621‘1353SC /Usé‘sSC
J, 0 0
=l 0 J, 0
J31 Jaz J33

In turn, the matrix elements are

e e — =sC
A I = I, 3. = TR
2= =

sc ' ¥33 sC '’
IZ 353

‘]11 =

sC '’
Il

ﬁ3é—~35c (I_fcllel ) ﬂaéssc ]J 3. = ﬁsgssc [I_zsclsz .ﬂsé‘ssc 1}
y I3 =

31T a1 sC SCiGL — <sC G2 sC SCiG2 — <sC
I, 150, (P Py 7% A 1% 14505 157177 150,

The form of these expressions shows that we can divide all the elements by J,;and introduce the
values:
I &

' |1SC ﬁsé_‘asc e Izsc ﬁsé_‘ssc

Then, the required transformation becomes

‘_"_l m, 0 0 :1
Pl |_| o m, 0 || 2 (13)
_ 1 . IGl 1 . IGZ
pl F{mlﬁ—lj |G2 (mzl_zﬁ 1] 1 1
1 1 2 2
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From here, we express the currents:
- m, -1, = m, -1,

= ot | 162 = |6t | = (14)
1 |l 2 2 | = 12 1 | 2 2 | w12
| &t m j oL -1+ | 62 m, j 62 -1(+1 | &t m j oL -1+ | 62 m, j G2 -11+1
1 1 2 2 1 1 2 2

The structure of expressions (14) shows that it is possible to introduce the normalized values:
1 192

=N

m" =m, m,' =m.

jerr e 262"
1 2

Then, we obtain the normalized form of transformation (14):

Pier m 0o 0) |1¥
s 1,
P o m' o |1
pl m'-1 m'-1 1) |1

These transformations allow carrying out the recalculation of currents of the second two-
port for any values of currents of the first two-port using the pre-calculated values of m,,m, or
m",m, .

4. Conclusion

1. Projective geometry adequately interprets "kinematics" of a circuit with changeable
parameters of elements and yields the relationships useful in practice. The given approach is
applicable to the analysis of «flowed » form processes of different physical nature.

2. The derived equations of the active multiport network in the normalized form define the scales
for the currents and conductivities and allow comparing regimes of different circuits.

3. From the methodological point of view, the presented approach is applied in other scientific
domains, such as mechanics (the principles of special relativity) and biology (the principles of
age changes of plants and organisms [6]).
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